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Abstract 

A rather complete phenomenology of the singularities is developed according to a 
new algebraic point of view in the frame of Langlands global correspondences. 
That is to say, a process of: 

- singularizations and versal deformations of these, 

- singularizations and monodromies of these, 

is envisaged on all the sections of sheaves of diffcrcntiable (bi)functions on (bi)linear 
algebraic (scmi)groups constituting the ra-dimensional representations of the global 
Weil groups. 

To get the searched holomorphic and cuspidal representations, it is necessary to 
consider: 

- the resolutions of singularities and the blowups of the versal deformations; 

- the resolutions of the singularities in the monodromy cases. 

Furthermore, the geometry of the versal deformations and of their blowups is 
studied, as well as the associated dynamics leading to the consideration of singular 
hyperbolic attractors and of singular strange attractors. 



Introduction 



This paper constitutes the second part of the n-dimensional global correspondences of 
Langlands [Lan]: it points out the cases in which these correspondences can still be stated 
while the sheaf of differentiable (bi)functions on a bilinear algebraic semigroup, constitut- 
ing the n-dimensional representation of the global Weil group, is affected by all kinds of 
singularities together with deformations and blowups of these. 

The phenomenology of the singularities can be split into two sets based on contracting 
or dilating morphisms characterized respectively by underlying topological subsets getting 
closer and closer or farther and farther. 

In the set characterized by dilating morphisms, we find: 

a) the desingulcirizations, or the resolutions of the singularities, of a singular scheme 
consisting in monomializing polynomial ideals by sequences of blowups [Hau] . 

b) the monodromy transformations of a singular scheme arising in an expanding phase 
in such a way that non-singular fibres can be generated. 

while we have in the set characterized by contracting morphisms: 

a) the singularizations introduced as the inverse morphisms of the resolutions of sin- 
gularities, and which are defined by sequences of contracting surjective morphisms 
producing singular loci. 

b) the versal deformations of these singularities which can be interpreted as exten- 
sions of the sequences of contracting surjective morphisms of singularizations, re- 
covering then the classical definition of the versal deformation as (contracting) fibre 
bundles of which fibres are the bases of the versal deformations. 

c) the blowups of the versal deformations, introduced in [Pie3], [Pie4] as the inverse 
morphisms of the versal deformations: they are based upon Galois antiautomorphisms 
and are also called spreading-out isomorphisms. 

The considered mathematical frame, recalled in chapter 1, is the same as the one 
which was envisaged in the first part [Piel] of the n-dimensional global correspondences of 
Langlands, that is to say, considering: 

• sets (resp. ) of r packets of left (resp. right) real pseudo-ramified 
equivalent completions associated with the left (resp. right) (algebraically closed) 
extension (semi)ficld of a number field of characteristic zero and characterized by 
increasing Galois extension degrees being integers modulo N . 
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• sets (resp. F^j ) of r packets of left (resp. right) complex pseudo- 
ramified equivalent completions covered by their real equivalents. 

• bilinear algebraic semigroups GLn{Fu x F^) = T^{Fzj) x Tn{F^) and GL„(F^ x 
F^) = T^(F^) X Tn{F^) respectively over products of complex and real completions 
in such a way that their representation spaces G^'^\F^ x F^) and G'*^"^(FJ" x F+) be 
n^-dimensional complex and real bilinear affine semigroups [Piel] decomposing into 
sets {^S?"xLb."^i]}i=i,m, and {^Sjxib^, mjj}j,=i,^.^ of r packets of complex and real 
equivalent conjugacy class representatives: 

each conjugacy class representative (^^xib) ^j] the product of a right n-dimensional 
complex algebraic semitorus g^^\j,mj] by its left equivalent g^^\j,mj] verifying 
gP[j,mj] ~ (Fzj,,,„P" and ^["^[j.m^-] ~ {F^,,,„^T where F^^_^, (resp. ) is the 

(j, mj)-th corresponding complex completion of Fzj (resp. F^ ) and each conjugacy 
class representative fi'^^xL^^' ""^ial the product of a right n-dimensional real alge- 
braic semitorus fi'^ ''[ji, ""^jj by its left equivalent ""^jj verifying gfi ^jsjrrijg] ~ 
(^4 ^ , )" and ^["^ m^J ~ (F+ where F+ (resp. F+ ) is the (jj, J- 
th corresponding real completion of F-^ (resp. Fj~ ). 

• a (bisemi)sheaf 0g(n) X0^(n) of difFerentiable bifunctions {^gjg)^4'Gj i^gje) 
on the conjugacy class representatives Q^^IlIJs, rrij^] of the real bilinear algebraic semi- 
group G^"'\F^ X F+) and a bisemisheaf ^^^j x of complex- valued differentiable 

bifunctions 4>^'^(l.){xgjf) ® 4>^'^(l){xg^) on the conjugacy class representatives gRxL\Ji''^j\ 
of the complex bilinear algebraic semigroup G^'^\FtjX Fj) . 



The most important part of this paper, i.e. chapters 2, 3 and 4, concerns the study of: 

- degenerate singularities on the sections (t)^Q. (xg.^ ) (resp. (j)Q^. (xg.^ ) ) of the left (resp. 
right) semisheaf 9„(n) (resp. ^„(n) ) as resulting from contracting, generally surjective, 

^Z, '^R 

morphisms. 

- the existence of Langlands global correspondences in the "singular" context. 



First of all, a process of singularization is introduced in chapter 2, as being the 
inverse of monoidal transformations. It consists in projecting a sequence of normal cross- 
ings divisors defined on irreducible completions of rank onto a singular locus which 
then becomes the homotopic image of these normal crossings divisors under a sequence of 
contracting surjective morphisms. 
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For example, a singularization of type , given by the germs yi = x^j^^ (resp. = 
x^j^^ ) of differentiable functions (j)^', i^gj^) (resp. ^^'I* (xg^^) ) on the j^-th conjugacy class 
of G'(")(F+) (resp. G(")(F+) ), is generated by a sequence of + 1 contracting surjective 
morphisms, being in fact fibre bundles whose contracting fibres are the homotopic images 
of the normal crossing divisors. 

Outside of the singular locus, the contracting morphism of singularization is an isomor- 
phism. Due to the relative small topological space on which is defined the semisheaf ^^(„) 

(resp. 9^(n) ), it will be assumed that on every function (pQ^, (xg^^) G (resp. cofunction 

(f)Q^ {xy^^ ) G 9^(nj ) a same kind of singularity (or set of singularities) is generated by the 
singularization process. 

So, the singularization of 9„(n) (resp. 6'^(„) ) is a process transforming it into a sin- 

gular semisheaf 6* („) (resp. 6* („, ) whose sections 0^"^ {xg. ) (resp. 0^"^ {xg. ) ) are the 

differentiable functions (f)Q^ (xg. ) (resp. ^^i* {xg. ) ) endowed with germs 0^-^(0;^) (resp. 
(f)jg(ouii) ) having (degenerate) singularities assumed to be of corank 1 (to simplify the 
handling) . 



The versal deformation ^^^'^f, = 6* („, x 63^ (resp. ^^^'jf, = 9* („, x Og^ ) of the singular 

Gl G^ Gjf Gjf 

semisheaf ^* („) (resp. 0* ), whose sections are endowed with germs having degenerate 

Gl 

singularities (of corank 1), can be interpreted as the total space of a fibre bundle Dsj^ 
(resp. Dsj; ) of which fibre 9sj^ (resp. ) is the family of the (semi)sheaves of the base 
Sl (resp. Sji ) of the versal deformation. 

In this context, the versal deformation consists in an extension of the singularization 
process in the sense that it is generated by a sequence of contracting morphisms extending 
the sequence of contracting surjective morphisms of singularizations by projecting sets of 
normal crossing divisors in the neighbourhoods of the singular loci according to the finite 
determinacies of the considered degenerate singularities on the sections of 9* („) (resp. 

Gl 

0* ). If we refer to the degenerate germ y^ = x^^^ (resp. y^ = x^^^ ) of type , 

R 

its versal deformation will then result from a sequence of (A; — 2) contracting morphisms 
extending the sequence of contracting surjective morphisms of singularization in {k — 2) 
dimensions in such a way that a sequence of (A; — 2) (sets of) normal crossings divisors be 
projected in the neighbourhood of the singular locus. 

This constitutes the content of chapter 2, section 2, while section 3 deals with the 
geometry of the versal deformation: 
It is proved that: 
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a) the geometry is hyperbolic in the neighbourhood of the singular locus of a not unfolded 
degenerate singular germ of corank m < 3 and multiplicity i , 1 < i < n , in the sense 
that: 

• the limit set of the Kleinian group acting in the neighbourhood of a singular locus 
corresponds precisely to this singular locus. 

• the ordinary set of the Kleinian group can be associated with the neighbourhood 
of the singular locus and is characterized by a hyperbolic metric. 

b) the neighbourhood of the unfolded germ on the section 0^?^ (xg.^) {icsp. (f)^^^ i^gjg) ) 



of the unfolded semisheaf O^'^l^) (resp. ^™('jf) ) is characterized by a spherical geometry 
except in the neighbourhood of the singular locus where the geometry is hyperbolic. 



Chapter 3 envisages the blowup of the versal deformation as well as the study of the 
strange attractors related to the versal deformations of singular germs. 
The blowup of the versal deformation 

^^cn) = 0*(n) X 6*5^ (resp. 9^[^) = 9* x 6*5^ ) 



of the singular semisheaf 6* („) (resp. 6* ) consists essentially in an algebraic endomor- 
phism (resp. ), based on Galois antiautomorphisms, pulling out partially or 

completely the sheaves 6*^(0;]^) (resp. 6*^(0;)^) ), 1 < i < s , of the fibre (corank 1 case) 

(resp. Os, = {9\u;],), • • • , 0\u;'^), e\u;%)} ) 
of the versal deformation from the {n — 1) -dimensional coefficient sheaf 

Oda) = {9r\a,), ■■■ , ei-\ai), ■■■ , ^r^(a,)} G ^„(„) 



(resp. ORia) = {^^ ("i), " " " , ("0, " " " , e ) 

on which (resp. ) was projected. 

This blowup is maximal when all the base (semi)sheaves of (resp. ) have been 
pulled out from ^L(a) (resp. ^i?(a) ). 

The blowup is complete if it is given by the composition of maps 

{S o T)l = (tv^^ o n^^) (resp. {S o T)r = (tv,^ o H^^) ) 

where Ty^^ (resp. ry^^ ) is the projective map of the tangent bundle projecting all the 
disconnected base (semi)sheaves 0]{uj'\) (resp. 0]{ijj]^ ) of Ogj^ (resp. ) in the vertical 
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tangent spaces: this blowup then constitutes an extension of the quotient algebra of the 
versal deformation of the singular semisheaf ^^(„) (resp. ^^(„) ). When it is maximal, it is 
given by the map: 



{S o T)-- : e* ,„, X 9s, > e* ,„, U 9s, 

(resp. {S o T)-- : 9* ,„, x 9s, > 9* ,^, U 9s, ) 

'^R '^R 

and corresponds to the inverse of the versal deformation Ds, (resp. Ds, ) according to: 

(S o T)^- = {Ds,)-' (resp. {S o T)^^ = (D^J"' )■ 

The family of disconnected base semisheaves are then glued together and cover partially 
the singular semisheaf r („, (resp. r ): they are labelled 0*soT){i), (^^sp. dlsoT){i)n ) 

and verify ^(5or)(i)^ - ^s, (resp. ^(5ot)(i)« -^s,)- But, ^(5ot)(i)^ (^^esp. ^(5or)(i)H ) can 
be affected by singularities on its sections involving versal deformations and blowups. 

Section 3.2 envisages the versal deformation and its blowup from a differentiable and 
dynamical point of view. 

The dynamics is envisaged around singularities on the sections of the tangent bun- 
dle on the conjugacy class representatives of the algebraic semigroup G^^(F+) ~ T„(F+) 
(resp. G^^\f^) ~ T^(F^) ). Then, the neighbourhood of the singular germ (f)j^{uL)L) 
(resp. {cur) ) on the n-dimensional real- valued differentiable function ^■^S^'^-^ 
(resp. (f>l^^ {x^^'') ) of the space of sections r{T{G'£\F+))) (resp. r{T{G'£\F+))) ) 

of the tangent bundle on gP{F+) (resp. gJ^(F^) ) is a singulEir hyperbolic attrac- 
tor A^AN (resp. A^an ) ^jth respect to the diffeomorphisms DiSL(T(G'£\F+))) (resp. 

Difr^(T(4")(F^^))) )■ 

And, the versal unfolding of the germ ^^^(a;^) (resp. (f)j^{ujR) ) involves the map: 

(resp. VD^,: A^ . A^^^^ ) 

of the singular hyperbolic attractor Aj"^^ (resp. A'^^'^ ) into the singuleir strange at- 
tractor 

A TAN _ A TAN ^ A TAN 

(resp. A,^tr = Ar X A:^n ^ 
where Aj[j^f^ (resp. ^^^^11^ ) is an unfolded attractor which can be expressed according to: 

Au^f^^UA^^^ (resp. A^^N^UA^^N) 
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with A'^t^ (resp. A^t^ ) a singular hyperbolic attractor resulting from a singularity on 

the generator uj) (resp. u) ) of the versal deformation of (ps ioJi) (resp. (Ps.^ojr) ). 

Finally, a blowup of the singular strange attractor A^f^ (resp. A^^^ ) can disconnect 
the singular hyperbolic attractors A^"!^^ (resp. A^'!^'^ ) from the basic singular hyperbolic 
attractor A^^^ (resp. A^!"^^ ). 



In chapter 4, it is analysed in what extend it is possible to develop global correspon- 
dences of Langlands for a bisemisheaf of differentiable functions on the real algebraic 
bilinear semigroup {G^^^\F^ x F+) affected by degenerate singularities. 

Recall that a global correspondence consists in a bijection between the n-dimensional 
irreducible representation Irr Repj^^ x W^X) of the product, right by left, of Weil 

groups and the irreducible cuspidal representation Irr ELLIP(GL„(A^+,t x A^+.t)) of 
GL„(F^+ X F+) as developed in [Piel]. 

Now, Irr Rep[lJ^ ( X Vr"+ ) is given by the bilinear affine semigroup G^") (F^ x F+) 

or by the semishcaf {9„(n) (E) {n)) on it. 

But, under singularization, versal deformation and blowup of it, the bisem- 
isheaf d^(n) d„(n) has been transformed into: 

® ^g(") ^W) ® ^U-) ^^n^'^^L, (r X Os^) ® (r ,„) X 9s,) 

where 

- 'pQ^ X 'pQ^ is the contracting morphism of singularization. 

- Dgj^ X Dgj^ is the contracting morphism of versal deformation. 

- {S o T)^^ x{So T)f^ is the blowup of the versal deformation. 

So, {9^M ® 9Qin)) has generated under {{S o T)^^ o Dg^ o p^J x {{S o T)^^ o Ds^ o p^J 
the singular bisemisheaf (^*(„) (8) ^*(„)) and the singular compactified base bisemisheaf 

'^R 

(^(5or)(i)H ® ^(5oT)(i)i) blowup of the versal deformation. 

But, these bisemisheaves (^^(„) ® ^^(„)) and (^(5oT)(i)h ® ^*SoT){i)i) ' affected by singu- 
larities, cannot be endowed with a cuspidal representation. 

To reach this objective, it is necessary to: 

1) desingularize those bisemisheaves. 

2) submit them to a toroidal compactification. 
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The desingularization corresponds to the classical monoidal transformations and is reached 
by a set of inverse morphisms of those defining a singularization as developed in section 
2.1. 

Before considering the cuspidal representations of these bisemisheaves {6* (g) 9* („) ) 

and (^*5oT){i)fl ® ^(SoT)(i)i,) ' '^^^ ^^^^ stage envisage holomorphic representations of 
the corresponding desingularized bisemisheaves {9^(„) ^9^(n)) and (^^(5or){i)jj ^ 0iSoT){i)L) ■ 

R. L 

We shall briefly recall how to get a holomorphic representation for (9 (n) (S> 9„{n) ) , taking 
into account that the same procedure can be applied to {9(^soT){i)h ® 0{Sot){i)l) ■ 

The global holomorphic representation Irr hol*^"^ (6'„(n) ® 9„{n) ) of the biscmisheaf 
(9^(n) ® 9„{n) ) is given by the morphism: 

'^R 

IrrholJ,";^ : 61 („) (g) 6' w > fv{z*) ® f^{z) 

'^RXL '^R "^z, 

where fv{z*) <S> fv{z) is the holomorphic bifunction (i.e. product of a holomorphic function 
by the corresponding symmetric cofunction) obtained by gluing together and adding the 
bisections of the bisemisheaf 9„(n) ® 9„(n) . 

^R 

So, in a few words, a singular bisemisheaf , submitted to a versal deforma- 

tion transforming it into {9* („, x ^5^) {9* („, x ^5^) , can be endowed with a holomorphic 

'^R 

representation if a blowup of the versal deformation is considered as well as a desingular- 
ization of the resulting singular bisemisheaf {6* („) (g) 9* („)) . 

To get a cuspidal representation of the desinguleirized bisemisheaves i9^(n) <8) 

'^R 

^g(n)) and (^(5or)(i)ji <8) ^(5oT)(i)i) , a toroidal compactification of the bilinear algebraic 
semigroups G^'^\F^ x F+) and G^'^\F^^^^ x F:^^^^) on which they are defined must be 
performed in such a way that the products, right by left, of their corresponding conjugacy 
class representatives be products, right by left, of n-dimensional real semitori. 

The bisemisheaves on the toroidal bilinear algebraic semigroups G^"^ (-^^ x -^/'^) ^.nd 
^^(Fif X F+f) will be written {9^,.., 9^,^,) and (r^, ® r7„)) . 

Remark that the toroidal compactifications of the bisemisheaves {9^(n) (8) 9^{n)) and 
(^(5or)(i)i{ <8) 9(^soT)(i)l) s^ch that their holomorphic representations are transformed 
into cuspidal representations according to: 



Irrhol(6'g(„) 6'g(„)) : 9^(n) <S) 9^(„) > fv{z*)^fv{z) 

R L R L 

J, J, J, 



Irr ELLIP (6'g(„) (g) 6'g(n)) : 9^(„)®9^(n) ELLIP R^L{n,js,mjg) 

'^R '^L '^R "^L 

where ELLIP R^L{n,js,'mjg) = ELLIPR(n, j^, m^J ELLIPi(n, j^, m^J , being the global 
elliptic representation of {9„(n) ®9^(„)) , given by the product, right by left, of n-dimensional 
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real global elliptic semimodules as introduced in [Piel], corresponds to the searched cusp- 
idal representation. 

(Note that a similar procedure can be applied to the covering bisemisheaf (6'(5oT)(i)fl ® 

S(SoT)(l)J •) 

We refer to proposition 4.2.10 which states the Langlands global correspondences as 
resulting from the singularization and the versal deformation of the bisemisheaf (0„(n) ® 

In chapter 5, the monodromy of (isolated) singulairities on the (bisemi)sheaf 
<S> d'^(„)) of differentiable bifunctions 0*^"(c) (^c,^) <S> <P^"'(c)izg^) on the complex bihnear 
algebraic semigroup G^'^^F^j x F^^) is analysed and the Langlands global correspondences 
on the non singular fibres, generated by monodromy, are developed in the irreducible and 
reducible cases. 

• The monodromy arises in an expanding phase which reflects the expansion of the 
subvarieties of a given variety with respect to a fixed measure and which is assumed 
to generate locally surjective morphisms of singularizations. 

• The generated singularities can be non degenerate or degenerate in which case small 
deformations of these can split them up into simpler ones. So, assume that each 
section of the semisheaf 6^i^„-j C (rcsp. d^i^^-^ C d'^i^^-^ ) is a Morse function affected 

Gl G^ Gj^ Gj^ 

by an isolated non degenerate singularity on a domain f/j^ (resp. Uj^ ) included into 
the conjugacy class representative [j, (resp. gR\j,fnj] ) and described locally 

by 

= E 4. (resp. <i>%{U,,) = S ). 

• The critical level set of (f>^'^?R){Uj^) (resp. (t>^'^7^){Ujj^ ) is the singular fibre 
(resp. FiJ^ ) given by 

0S«)(t^.-J = I = (resp. 4>%{UjR) = 1 <. = ) 

while the non singular fibres F^^~^'> (resp. p^'"'~^'> ) are diffeomorphic to the space 
TSl"-^ (resp. T^^n-i tangent bundle to a unit sphere S^^~^ (resp. S^^^'^ ), 

which is diffeomorphic to the vanishing cycle A^^"~^-* C F^^~^^ (resp. A^"~^^ C 

p(2n-l) V 
^^iR >■ 

As Ag^"~^^ (resp. Agj""^^ ) is diffeomorphic to the unit sphere -S^^"^ (resp. S'^^'^ ), 
it must correspond to a function on the corresponding conjugacy class representative 
of the parabolic subgroup P(2n-i)(^+) (j.ggp p{2n-i)(^+) ) 
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So, the mapping: 

(resp. A,,: F<--" _ F^"-) ) 

of the non-singular fibre into itself is the monodromy of the closed loop C A^^"~^^ 
(resp. C A^" ) realized by the conjugacy action of the j-th conjugacy 

class representative of the restricted linear algebraic semigroup G'^'^"'~^\F^.''^'^^^) (resp. 

If a degenerate singularity decomposes by deformation into a set of elementary non 
degenerate singular points, the single monodromy becomes a monodromy group. In 
this context, if every section (resp. ), 1 < J < t < cxd , of O^^^l^. (resp. 

0^^(L) ) is endowed with a set of k non degenerate singularities cUi^ (resp. oui^^ ), 
1 < i < k , on Ujj^ (resp. C/j^ ), then the set of bisheaves {^„(2n-i) ® (2n-i)}f=i of 

non singular bifibres F^"^^ ^\^) ® f/^"^ are generated by monodromy above every 

^jR 

bisection of ^Ji^, ® 9^^^^^^ . 

And, if there are bi , bi & IN , non singular fibres in the sheaf J^„(2n-i) (resp. J^„(2n-i) ), 
then we get a set oi k x bi , 1 < i < k , 1 < Pi < bi , monodromy bi (semi) sheaves 

above e'-^l, e'^^l, . 

Let (2„-i)(/?i) ® ^p(2„-i)(A)}j,/3^ , I < i < k , 1 < l3i < bi , he the set of k x bi 



monodromy bisemisheaves above the desingularized bisemisheaf ^^(2„) (2) ^^(2„) ■ 
Then a global holomorphic correspondence can be stated for the bismisheaf 
^mL) ® (^^^(L) as developed before and the set of global holomorphic correspondences: 



IrrRepSjLn^ (iy;l {Pi) x W^i (A)) 



Irrhol('"-^)(J^p(2„-i)(A)®^p(2n-i)(A)) Vz,A, 



can be similarly found for the monodromy bisemisheaves J^p(2n-i) {j3i) ® T p(2n-\) (Pi) . 

After a toroidal compactification of these bisemisheaves, it is proved that: 

a) a cuspidal representation, given by the elliptic representation 
ELLIPi^xL(2n, J, m^) , can be associated with the desingularized bisemisheaf 



■ g(2n) ^ '^Q(2n) " 
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b) no cuspidal representation can be found for the monodromy bisem- 
isheaves, except if surgeries are performed. 

The orthogonal reducibility of the bisemisheaf ^qlL^^'^ ^ ^'^) ^^^^^ 
following decomposition: 

.... ....uu..u.« u..«.n....v.. 

groups 



where the irreducible bisemisheaves ^ql^ {F^ x F^^) are able to generate monodromy 



(2) (2') (2') fC ) 

If, on the domain, U^J x Uj^ C fi'^^xL^' "^bl > each bifunction of 0^^^ [Fjj x 



IS 



locally a Morse (bi)function in such a way that its critical set is the singular bifibre 
Fi]^ X Fi]] given by 

^Sc) {Uf^) ® 0Sc) (t/j?) =4 + 4 = 0' (zi, ^2) e C% 



then, 

1) the corresponding non singular bifibres f'^^ (t) x F^^-* (t) are diffeomorphic to the 
product, right by left, Tf^^ (t) x T|^^ (i) of two semitori. 

2) the homology group Hi{F^^^^ ; ^) ~ ^ (rcsp. ^il^l^ ; ^ ~ ^ ) of the semitorus 
T|^, (resp. ) is generated by the upper (resp. lower) semicircle A^^^ (resp. 
A^^^ ) on T^^ (resp. T^^ ) in such a way that A^^^i* (resp. A^j ) shrinking onto 
the singularity, becomes the vanishing semicycle. 



If each bisection of the bisemisheaf ^GLi(F-xFa.) endowed with the same singular bi- 
fibre F^jl x F^^l = z\ + = , then a set of (3 bisemisheaves {e^^^:^°;_^p^^{h)}l^^ , 
isomorphic to (or "copies of") the desingularized bisemisheaf ^gl!!(f-xf„) ' ^® gener- 
ated by monodromy if (5 is the number of non singular bifibres above each bisection of 

^GL2(F-xF„) • 

And, a set of /3 global holomorphic correspondences can be associated with the 
(5 monodromy bisemisheaves according to: 

Irri?epi;.)^„„^(Pri^J6)xVF|^_(6)) . Irr holW(^£^- ,^^^(6)) 
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Similarly, on the toroidal compactified monodromy bisemisheaves, the following Lang- 
lands irreducible global correspondences can be stated: 

I.. Rep%^jWf^_){h) X Wf^_{h)) . Irrcusp(^ff,^- 

Ct^F;xF.)W > EIS— 

where EIS^°'^(1, j, m^) , being the product, right by left, of the equivalents of the Eisen- 
stein series, constitutes the cuspidal representation of the 6-th monodromy bisemisheaf 

/](C )mon 

'^GL2(F57XF^) ■ 
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1 (Bisemi)sheaf of difFerentiable (bi)functions on the 
bilinear algebraic semigroup G^'^\Fu x F^^) 

1.1 Completions at infinite places of a global number field 

Let F denote a finite (algebraically closed) Galois extension of a global number field F° of 
characteristic zero. In the complex case, the splitting field F = Fr U is assumed to be 
composed of the left and right splitting semifields Fl and Fr in one-to-one correspondence 
in such a way that the left (resp. right) algebraic extension semifield Fl (resp. Fr ) is the 
set of complex (resp. conjugate complex) simple roots of a polynomial ring over F° . 

In the real case, the symmetric splitting field is noted F+ = Fj U F^ where F^ (resp. 
F^ ) is the algebraic extension semifield composed of the set of positive (resp. symmetric 
negative) simple real roots. 

The left and right equivalence classes of the local completions F^^ and F^^ respectively 
of fI^^ and F^^ are the left and right complex (resp. real) infinite places of F^"*"^ and 
F^'' : they are noted v = {vi^, ■■■ , t"* J and v = {vi^, ■■■ ,Vjs,--- , ^tj in the real 

case and cu — {cui, • • • , cuj, • • • , cUr} and cJ — {uJi, • • • , uJj, • • • , uJr} in the complex case and 
are equal in number. 

The left (resp. right) complex pseudo-unramified completions F^J (resp. F^J ), 1 < 
j < r J oi Fl (resp. Fr ) are pseudo-unramified F°-semimodules characterized by their 
ranks, called global residue degrees, 

[KJ--F']-j (resp. [F-:F°]=j), 

and the left (resp. right) real pseudo-unramified completions F^:™' (resp. F^'^^ )> 1 ^ 
js 1 of Fl (resp. Fr ) are also characterized by their global residue degrees: 

[F+^-FVj (resp. [F^;'' : F°] = J ) • 

The left (resp. right) complex pseudo-ramified completions F^. (resp. F^. ) of Fl 
(resp. Fr ) and the left (resp. right) real pseudo-ramified completions F+^ (resp. F^^ ) 
are F°-semimodules generated from irreducible central completions F^^i (resp. F^i ) of 
rank N ■ m^^^ in the complex case and from irreducible central completions F\ (resp. 

'"is 

FX ) of rank N in the real case, where m^-'^) is the multiphcity of the js-th real completion 

'"is 

F+ covering its complex equivalent F^^. . 

So, if the irreducible central completions are given by their ranks: 
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[F^i : F^]= N. m(^'^) (resp. [F^^i : F°] = iV . m^^^'^ ), 
[Ft : FO] = TV (resp. [F+ : F^] = iV ), 



J5 15 



the pseudo-ramified completions can be expressed from their corresponding pseudo-unramified 
equivalents as follows: 

[F, . : F°] = [F-; : F^] x [F^i : F°] = *e + J ■ ■ m^^'^) 

J J 

(resp. [F^, : F"] = [F^J : F^] x [F^i : F^] = + j . AT . ). 

[F,^.^ : FO] = [F- : F^] x [F„i^ : F^] = * + j . TV 

(resp. [F^,^ : F^] = [F^; : F^] x [F^i^ : F^] = * + j . iV ), 
where *c denotes an integer inferior to N . m^^^ and * an integer inferior to N . 

Then, the complex pseudo-ramified completions F^. (resp. F^^j. ), 1 < j < r < oo , can 
be approximatively cut into a set of j irreducible equivalent completions F j' , 1 < j' < j 
(resp. F_j' ), of rank N . irS-^^'^ while the real pseudo-ramified completions F^._^ (resp. 
F^- ), 1 < J5 < < C)0 , can be approximatively cut into a set of j irreducible equivalent 

3 6 

completions F^, , 1 < < js (resp. F^, ), of rank N . 

On the other hand, as a place is an equivalence class of completions, we have to take 
into account a set of complex completions {F^^.^ }^^ , ruj G N , rrij > 1 , equivalent 
to the basic completion F^. at the j-th complex place uj and characterized by the same 
rank as F^. . These complex equivalent completions F^. ^ are generated from the basic 
completion F^^^. in a nilpotent way [Piel]. 

Similarly, at a real place Vjg , a set of real completions {F+ j^. equivalent to the 
basic real completion F+^ and characterized by the same rank has to be considered. 

As it was indicated before, each complex completion F^^. is covered by the set {F+^ ^ } 
of m^^^ — sup(mj^) + 1 real equivalent completions F+^ 

Let 



"35 •■■'jg ■ 

"35 '^31 



Ful — {-^wi ) ■ ■ ■ ) F^. ,^, , . . . , -^wr.mr I (fesp. F^, — {F^;^ , ■ ■ ■ , F^. ,^, Fui^,^^ } ) 

denote the set of complex pseudo-ramified completions at the set of complex places cu (resp. 
uJ ) and let 

= {F^i, ■ ■ ■ , Fvj^ „^.^ Fy^^ .^^^ } (resp. F^ = {FJ^, . . . , F^,^^^^^ , . . . , F^^^^^^^ } ) 
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be the corresponding set of real pseudo-ramified compeltions at the set of real places v 
(resp. V ). 

Then, the direct sum of the complex pseudo-ramified completions is given by: 
F^e = ® ® F (resp. F^^ = © ® ) 

while the direct sum of the real pseudo-ramified completions is given by: 

= © © F (resp. F^^, = © © F^ ). 

And, a left (resp. right) pseudo-ramified adele semiring A (resp. A ir_ ) can be 
introduced on the product of the basic primary completions F^.^ (resp. F-^jj.^ ) and of their 
equivalent completions F^^.^ ^ (resp. F^.^ ,^, ) over all primary complex places according 
to: 

= liF n F , 1 < jp < r < oo , m,-^ > 1 , 



(resp. A^^ = nF^,^ H F^ ). 



Similarly, a left (resp. right) adele semiring Ap+ (resp. A „+ ) can be introduced over 

V y 

all primary real places according to: 

A^+ = nF+ n F+ , l<i5<r<oo 

(resp. A^+ = nF+ n F+ ^. ). 

3Sp ruj 'iv'^osp 



1.2 The reductive bilinear algebraic semigroup G^'^\Fjj X F^^) 

The set F^ (resp. F^j ) of complex pseudo-ramified completions generates a tower of r 
packets of completions following the complex places uij (resp. oJj ), 1 < j < r : the left 
(resp. right) tower of r packets of complex pseudo-ramified completions, restricted to the 
upper (resp. lower) half space, is a one-dimensional complex linear affine semigroup noted 
S^^ (resp. ). For reasons developed in [Piel], we are interested in the product, right 
by left, S X § ^ symmetric S where § x § is a bihnear affine complex 
semigroup. 
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Similarly, a left (resp. right) tower of r packets of real pseudo-ramified completions is 
a one-dimensional real affine semigroup E>1^ (resp. Si^ ) and the product, right by left, 
X of by Si^ is a bilinear affine real semigroup. 

The n-dimensional analog of ^ ^ n^-dimensional bilinear affine semigroup 

which is a reductive bilinear algebraic semigroup G^'^^F^j x F^,) isomorphic to the bilin- 
ear algebraic semigroup of matrices GL„(Fi^ x F^^) with entries in F^^ x F^ . Indeed, 
GLn{Fij X F^) = Tl{Fij) X ^^(Fj^) is a condensed notation for the product of the group 
Tl{Fu) of lower triangular matrices with entries in F^ by the group T'„(F^) of upper tri- 
angular matrices with entries in . 

The bilinear algebraic semigroup ^^(F-xF^) covers the corresponding linear algebraic 
group G^'"\Fzj — F^) , where F^ ~ F^ = FjjU F^ , as it was justified in [Piel], since the 
n^-dimensional representation space Mp- Mp^ of GLn{Fjjj x F^^) then coincides with the 
n^-dimensional representation space V of GL„(Fjj — F^^) under some conditions given in 
[Piel]. 

As the bilinear algebraic semigroup G^") {F^ x F^) is built over F-^jXF^^ , it is composed 
of r conjugacy classes, 1 < j < r , having multiplicities m^''^ = sup(mr) + 1 , where m^''^ 
denotes the number of equivalent representatives in the r-th conjugacy class. Remark that 
the r conjugacy classes of G^"-\Fu x F^^) correspond to the r (bi)places of F^j x F^^ . 

1.3 Proposition 

Let SMODi?^ (resp. SMODi?_ ) denote the category of Tn{Fi^))-semimodules Mp^ (resp. 
Tl^{Fij) -semimodules Mp_ ) C GLn{Fzj x F^J)-hisemimodules Mp- ® Mp^ . 

Then, the Tn{F^)-semimodule Mp^ (resp. T!^{F^)-semimodule Mp- ) is a division F^^- 
semialgebra (resp. a division F^-cosemialgehra) . 

Proof. Indeed, according to the appendix of [Piel] , the F^^-semialgebra Mp^ (resp. F^^ 
cosemialgebra Mp- ) over the semiring F^ (resp. F^^ ) is a semiring Mp^ (resp. Mp_ ) such 
that: 

a) (M F„ , +) (resp. {Mp-, +) ) is a unitary left F^^-semimodule (resp. right F^n-semimodule) . 

b) Ol {itll Ul) = {aL niL) Ul = mi {ai Ul) , V G F^ , mi^nL G Mp^ 

(resp. {niR ur) = niR {ur aR) = ttlr {an ur) , \/ aR e F^ , tur, ur G Mp^ ). 

As Mp^ (resp. Mp- ) is a left (resp. right) division semiring, Mp^ (resp. Mp- ) is a 
division F^^-semialgebra (resp. F^^cosemialgebra) . ■ 
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1.4 Definition : X i^tt>-bisemialgebra 

1) The Fj^-semialgebra Mp^ is a monoid {MF^,iJi,r]) in SMODi?^ , in the sense that: 

• Mp^ is assumed to be a unitary F^^-semimodule, i.e. a left vector semispace over 

viewed as the center of Mp^ ; 

• n : Mp- ® Mp^ Mp^ is a hnear homomorphism; 

• T) : Fi_j ^ Mp^ is an injective homomorphism. 

2) The Ft^cosemialgebra Mp- is dually a comonoid {Mp-,A,e) in SMODp- in such a 
way that: 

• Mp- is assumed to be a unitary Mi?_-semimodule, i.e. a right vector semispace 
over Fjj so that Mp- is the dual of Mp^ ; 

• A : Mp- Mp- X Mp^ is a linear homomorphism called comultiplication; 

• s : Mp- — > F-uj is a linear form. 

3) {{Mp- (g) Mp^), ^,7], A,e) is a division {Fjj x F(^)-bisemi algebra if {Mp^, jjL^rf) is a 
division F^^-semialgebra and if {Mp-, A, e) is a division F— cosemialgebra. 

1.5 The bilinear parabolic subsemigroups 

As the left (rcsp. right) complex pseudo-ramified completions F^^^ (resp. F^j. ) and the 
left (resp. right) real pseudo-ramified completions F^.^ (resp. ) are assumed to be 

generated respectively from irreducible central complex completions F^i (rcsp. F^^i ) of 
rank N . m^^^^ and from irreducible central real completions F\ (resp. FX ) of rank N , 
a set of left (resp. right) irreducible complex pseudo-ramified completions 



(resp. F^i = {F^i, . . . , F^i , . . . , F^i } ) 

can be introduced, as well as a set of left (resp. right) irreducible real pseudo-ramified 
completions: 

(resp. F+ = {F+ , . . . F+ } ). 
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The n-dimcnsional smallest normal bilinear afiine subsemigroup ^("^(F^x F^) (resp. 
G^'^\F^ X F+) ) is the parabolic bilinear algebraic subsemigroup P(")(F^ X F^) (resp. 
pi^)(^F^i X F^) ) isomorphic to the bilinear algebraic semigroup of matrices 

GL„(F^i X F,i) = r*(F^i) X 7;(F,i) 
(resp. GL„(F+ x Ft) = r*(F+) x T„(F+) ) 

with entries in products of irreducible completions. 

The parabohc bilinear subsemigroup P^^\F^ x F^) (resp. P^'"\F^i x F^) ) can be 
considered as the unitary irreducible representation space of GL„(Ft^xFt^) (resp. GL„(F^ x 
), [Piel]. 

1.6 The bialgebra of bifunctions on G^'^\F^ X F+) 

The smooth differentiable real-valued functions on the real bilinear algebraic semigroup 
G'<^\F^ X F+) are the tensor products (called bifunctions) 

of smooth differentiable functions (f^clixg^) G G^^\f^) , Xg^ G G^^\f^) , of the algebra 
G^^\f^) of these functions on the linear algebraic semigroup G^;^\f+) , localized m 
the upper half space, by the symmetric differentiable cofunctions (j^c^Xg^) G G^^\f^) , 



X 



9R 



G G)^ {F^) , of the coalgebra G)^ (F^) of the cofunctions (or linear functionals) on 
the linear algebraic semigroup G^^\F:^) , localized in the lower half space. 

As G'^'^\F^ X F+) is partitioned into conjugacy classes on the biplaces Vj^ x Vj^ , 
1 < j5 < r , of F^ X F^ , we have to consider bifunctions (/•g^i'^ {xj^ ) ® (f)^^^^ {xjg ) on 
the conjugacy class representatives gRlL[js,'mjs] , also noted G'^"'^(F^ x F+ ) , of 
GW(F+ X F+) . 

As the conjugacy classes g^j^liUs] of G^''^\F^ x F/) form an increasing sequence 
g^nUM ^ ■ ■ ■ ^ g^nlM C ■ ■ ■ C g^^Ur] , 
the bifunctions on the conjugacy class representatives fi'^^xib^' ^i*] ^^^^ form an increasing 



sequence: 



The bialgebra of all differentiable real- valued measurable bifunctions (a:^^) ® 0Gfl(^9i) 
on GW(f+ X F+) satisfying: 



G(")(F+xF+) 
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is noted L],-^\{G^-\F^ X F;^)) . 

1.7 (Bisemi)sheaf of differentiable (bi)functions on 

The set of real- valued differentiable functions (pclixgj^) (rcsp. cofunctions <P^GiS-^9r) ) 
the left (resp. right) linear algebraic semigroup 

G^l\K) (resp. G^;^\f+) ) is a left (resp. 
right) semisheaf of rings 6'„(n) (resp. 9 (n) ) because: 

a) for all basic conjugacy class representatives g^l^\js, rrij^ = 0] (resp. g^^\js, m-jg = 0] ) of 
the topological semispace G^"'' {Fj~) (resp. (F^) ) ) we have a set 6q(„) {gi^^)\js, m'js = 
0] (resp. 0^i„){g'^^^)\js,mj^ = 0] ); 

b) for all pairs of basic conjugacy class representatives gi^\js,n^js = 0] C g^^^Js + 
1, rrij^+i = 0] (resp. gPUs, rrij^ = 0] C g^^js + 1, mj^+i = 0] ) a restriction map 

res^(«)y,+i],,(")y,] : 0^(n){g^L\js + n) > ^ci") (^i"^^^]) 

(resp. res^(^")[,,+i],,(^")y,] : O^^^.ig'-^^js + 1]) . O^i^^ig'^^^Us]) ). 

a) and b) generate a presemisheaf of rings 9„(n) (resp. 9„(n) ) because it is a sheaf of 

abelian semigroups for every left (resp. right) point (resp. ) of G^^\f^) (resp. 
Gr\f^) ) where 9Q(n){xg^) (resp. 9Q(n){xgj^) ) has the structure of a semiring [Piel], [Serl]. 
The presemisheaf ^^(n) (resp. ^^.cn) ) is a semisheaf of rings if for every collection 

{9f^[35]Yj=i (I'esp. {gR^\j5\yj=i ) of basic conjugacy class representatives in G^^\F:^) 
(resp. G^^\f^) ) with g^^ = l}gt%] (resp. gf = U^S,")[i,] ), the map 

res (n) : (^["^[75]) ^ H (^["^[75]) 

Hi L jg L 

(resp. res („) : (^{^^[75]) ^ n^Q(n)(^{j"^[75]) ) 

is injective [Mum]. 

The set of real valued differentiable bifunctions (paii^gR) ^ ^oli^gL) G^'^^F^ x F+) 
is a bisemisheaf of rings, noted = 9^(n)®9„(n) , whose bisections are the differentiable 

'^RXL ^R 

bifunctions {xg^ ) (pQ^. {xg. ) on the conjugacy class representatives S'Tj^xib^^ "^j^l 
GH(F+ X F+) . 
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1.8 (Bi)ideal (bi)semisheaf of different iable (bi)functions on the 
bilinear parabolic semigroup P(")(F_t X -F^) 

Let Ft (resp. FJ^ ) and Ft (resp. Fj^ ) denote respectively the basic and the 



equivalent irreducible real completions of the ja-th real place Vj^ (resp. Vj^ ). 

Let P^'^\F\ ) (resp. p(")(F_t ) ) be the n-dimensional left (resp. right) linear affine 

'"is ^35 

subsemigroup restricted to this j'^-th basic irreducible completion: it is then the j^-th basic 
conjugacy class representative of P^"-\F^) (resp. P*^"^(F_t) ). 

On P^"-\F\ ) (resp. P^-^^FX ) ) we can introduce the ideal of complex-valued differ- 

entiable left (resp. right) functions ^^'^ {xp^^) (resp. )• 

This ideal 0^'' {xp-^) (resp. 0^.^ {^Pj^) ) is an equivalence class of all real valued differ- 
entiable functions (p^p'' (xp. ^, ) (resp. (p^p^ (xp. ) ) on the conjugacy class equivalent 

JL'^j is iR is 

representatives P(")(Ft ) (resp. P('*)(F_t ) ). 

So, the set of left (resp. right) ideals 0^.^ i^Pjg) (resp. 0^^ i^Pjg) ) ^^^^ valued 
differentiable functions (palixg^^) (resp. cofunctions (pa^^^ixgi^) ) is a left (resp. right) 
ideal semisheaf of differentiable functions (resp. cofunctions) on the parabolic semigroup 
PW(F+) (resp. P(")(F_t) ). 

And, the set of biideals {0j^^ (xp.^ ) (8) 0^|^ {xp.^ ) } of differentiable bifunctions is a biideal 
bisemisheaf, noted ^p(n) = 9 pin) ®0p{n) , whose bisections are the biideals on the conjugacy 
class representatives P^")(Fjt x F\ ) of the bihnear parabohc semigroup P^'^\FX x Ft) . 

'"is '"is '" ^ 

1.9 (Bisemi) sheaf of complex valued differentiable (bi)functions 
on X F^) 

Considering the inclusion 

G^-\F^ xF+)^G^''\F^xF^) 

of the real bilinear algebraic semigroup G'^'^^F^ x F+) into the corresponding complex 
bilinear algebraic semigroup G^'^\F^j x F^^) as envisaged in [Piel], we can introduce the 
semisheaf 6q'^ (resp. ) of complex valued differentiable functions 4>^'^(l){xgj^) (resp. 

cofunctions 0*^*^(1) (a^^^j) ) on the left (resp. right) linear algebraic semigroup G^'^\F^) (resp. 

^R 

G^'^\Fjj) ). O^^fl^ (resp. O'^^fl^ ) can be defined similarly as it was done in section 1.7 and, 

•^L ^R 

in the following, the real case will be essentially considered. 
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2 singularization and versal deformation 
2.1 The singularization 

2.1.1 General statement of the singuleirization process 

The left (resp. right) semisheaf 0^(n) (resp. G„(n) ) is a semisheaf of smooth differentiable 

functions on the conjugacy class representatives 5'i"''[j<5, ""^jj (resp. g^^\js,mjg] ) of the 
left (resp. right) real linear algebraic semigroup G*^"'^(F+) ~ Tn{F^) (resp. (^"^"^(FJ") ~ 

Under some external perturbation (s), singularities can be generated on the left (resp. 
right) semisheaf 0„(n) (resp. ©„(n) ) in such a way that: 

a) these singularities arc produced symmetrically on the functions and cofunctions re- 
spectively on the left and on the right conjugacy class representatives g)^ [jsjfnjs] ^ 
G'(")(F+) and g^R\js,mj^] G G'(")(F+) ): this results from the fact that G'(")(F+) 
and G^"\F-^) are symmetrical algebraic semigroups localized in some small domains 
respectively in the upper and in the lower half space. So, an external perturbation 
affects in a similar way functions on the upper half space and cofunctions on the lower 
half space. 

b) on each function ^^J* {xg. ) on gL^^jsjfTT-js] (resp. cofunction {xg. ) 
on g^]^\js,fTT'js] )) ^ same singularity (or a same set of singularities) is generated. 

Indeed, according to a), the external perturbation is assumed to affect similarly and 
symmetrically every function (f)^^ {xg^^ ) and cofunction (f)Q^ {xg^^ ) . 

The process of generation of singularities will be called a singularization. It consists 
of a collapse of (a) normal crossings divisor(s) into a locus becoming singular: this is a 
contracting surjective morphism corresponding to the inverse of a resolution of singularities 
(see, for example, [Abh], [Ber], [DeJ], [Hirl, Hir2, Hir3], [Zarl, Zar2, Zar3]). 

2.1.2 Definition: singularization of regulcir /-schemes 

The left (resp. right) linear algebraic semigroup G'(")(F+) (resp. G(")(F^) ) plus the left 
(resp. right) semisheaf ©^(-i) (resp. Q^(n) ) on it is a left (resp. right) affine semisheme 
(GW(F+),e^,„)) (resp. (G'W(F+), 9^ J) ) [Mum]. 

'^R 

Every differentiable left (resp. right) function i^gjg) (resp. (f)Q^^ (^ft^) ) '^^ ®g'"' 
(resp. 6g(n) ) being similarly affected by some external perturbation, will be considered 
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as a "prototype" left (resp. right) scheme function, written in condensed form (pL (resp. 
(pfi ) and called a left (resp. right) /-scheme. 

The singularization of the left (resp. right) regular /-scheme (pL (resp. (pR ) is a. 
contracting surjective morphism 

Pl'- (t>L ^ (t>*L ( * is for "star" symbohzing the singularities) 
(resp. pr: Pr^c^r) 

yielding a left (resp. right) singular /-scheme 0^ (resp. 0|j ) below (f)L (resp. (f)R ) and 
verifying: 

1) (pL (resp. (pR ) and 0^ (resp. 0|j ) have the same dimension n . 

2) the singular /-scheme 02 (resp. (f)*R ) is characterized by a singular locus (resp. 
Hr ) associated with the centre Zl (resp. Zr ) of the singularization of 02 (resp. 

2.1.3 Proposition 

The inverse morphism 

Pl^ ■ <P*L^<pL , (resp. p-^ : 0^ ^ 0r ) 

of the singularization of the left (resp. right) regular f -scheme (pL (resp. pR ) corresponds 
to the desingularization of (p)^ (resp. p*j^ ) if there exists an inclusion: 

hL- 4>L^ <Pl (resp. Hr : Pr^ Pr) 

such that: 

1) Pl (resp. pj^ ) is a regular projective left (resp. right) f -scheme. 

2) p]^^{Zl)U (Pi^Pl) (resp. p]^^(Zr)U {(Pr\(Pr) ) is a closed f-subscheme of p^ (resp. 
pR ) identified with a normal crossings divisor (resp. Dr ). 

Proof. The normal crossings divisor Dl (resp. Dr ) is a regular closed /-subscheme 
of Pl (resp. pR ) and is the image under p^^ ° hi (resp. p'^ o Hr ) (of the centre Zl 
(resp. Zr )) of the singular locus (resp. Hr ) above which Pl (resp. Pr ) is not an 
isomorphism. The centre Zl (resp. Zr ) is generally in the singular locus (resp. ) 
but, up to now, no ad hoc definition of the centre working in any dimension has been 
discovered [Hau]. ■ 



22 



2.1.4 Definition: Normal crossings divisor 

• A divisor has normal crossings if it can be defined locally by a monomial ideal. 

• A normal crossings divisor Dl (resp. Dji ) will be assumed to be a closed /-subscheme 
function on one or on a set of real irreducible completions F"^, (resp. F'^., ) of rank 

V ■ V ■ 

N (see section 1.1). 



2.1.5 Proposition (singularization) 

Let Dl (resp. Dr ) he a normal crossings divisor included into the left (resp. right) regular 
f -scheme (j)^ (resp. 0^ ) in such a way that: 

(pL ^ (f)LLi Dl (resp. (f)^ ^ (f)R[J Dr). 

The singularization of (pL (resp. 4>r ) 'ii^io a singular locus (resp. T^r ) is given by 
the contracting surjective morphism: 

Pl- '4>l^^l (resp. -pR-. ^R^(t>*R) 

such that: 

a) El C (t)*L (resp. Tir (Z (f)*R ) be the union of the (homotopic) image of Dl C 0^ (resp. 
Dr <Z (f)R ) and of a closed singular sublocus Ef C Ei, (resp. E^ C E^^ ) of (f))^ (resp. 

)■■ 

= -Pl{Dl) U Ef 



(resp. 'Lr = Pj^{Dr)1}T. 



Pl (f^sp. Pr ) restricted to: 

p^ 0z.xp^i(sf) — . 0* xEl 

(resp. Pr: (j)R\ Pr^(E|) > 0^ \ Er ) 

be an isomorphism. 



Proof. 

• The centre Zl (resp. Zr ) corresponds to the singular locus E^, (resp. T,r ) in the 
case of curves because their singularities are isolated points. 

For surfaces, the situation is more complicated because the singular locus consists of 
a finite number of isolated points and irreducible curves which may be singular [Hau] . 
But generally, Zl C Pl(Dl) (resp. Zr C Pr{Dr) ). 
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• On the other hand, the singular locus (resp. T^r ) may factorize into: 

T.l^El. Il (resp. T.r^Er.Ir) 

where: 

— El (resp. Er ) is a power of the exceptional component pj^{Di,) (resp. Pr{Dr) ), 
i.e. a monomial; 

- Il (resp. Ir ) is an ideal which has at each point of (resp. T,r ) order less 
than or equal to the order of Pl{Dl) (resp. Pr{Dr) ) along (resp. Zr ). 

Il (resp. Ir ) is the weak transform of Pl{Dl) (resp. Pr{Dr) ). 

• The singular sublocus E| C 0^ (resp. E|| C (f)*R ) results from singularizations 
anterior to that of 'Pl{Dl) (resp. 'Pr{Dr) ) and then becomes the singular locus of 
the following blowups of 02 4'l{Dl) (resp. \ (^^{Dr) ): this corresponds to a 
more general case than envisaged in proposition 2.1.3. 

• Let: 

pf : Dl > Ei \ Ef 

(resp. pi : > Er \ E| ) 

be the singularization map restricted to the singular locus E^ \ Ef (resp. T^r \ E;| ). 

Then, E^, \ Ef (resp. E^^ \ E;| ) is the contracting homotopic image of (resp. Dr ) 
in the sense that the number n^)^ (resp. ) of irreducible real completions on which is 
defined Dl (resp. Dr ) is superior or equal to the number n^^^^^^s) (resp. rifj^^^j^s^ ) of 
irreducible real completions on which is defined E^, \ Ef (resp. T,r \ E^ ): 

2.1.6 Proposition 

The singularization Pl '■ (Pl ^ ^1 ("i^^sp. Pr '■ 4>r ^ (I)*r ) of (pL (resp. (j)R ) is assumed to 
he given by the following sequence of contracting surjective morphisms: 



0. - <l>r 


> ( 




-(2) 

Pl 

>■ ( 




Pl 

• • • >■ 1 




-1) 


Pl 

> ( 




(resp. 4>R = (pf'^ 


Pr 




-(2) 

Pr 




_(r-l) 
pR 




-1) 


_(r) 
pR 





verifying 
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1 ) the singular locus 



is given by 



(resp. Eh ^ E<i> = E"' U#(dW) U ■ • • U7i2'(Dr") ' ' ' U ■ ■ • U#(Br ") )■ 

Pl T'^esp. ) restricted to: 

rre^p. pg^) : 0^ x p^^(eJ)) . 0^, x Eg^ ) 

is an isomorphism. 

3) The orders of the singular subloci E^^ (resp. E^^ ) form an increasing sequence (from 
left to right) parallely with the increase of {£) , 1 < i < r . 



Proof. 

• Let p^™^'* (resp. p^"'^'' ) denote the complement of p^^'' (resp. p^^' ) in p/, (resp. Pr ) : 
it is defined by the increasing sequence of subloci: 

_ W . ^(0) ^ 5.(1) u z^a) f!t Ef U L>f 

^...^Ef UDf ^•••^Eg) 
(resp. pt''^: ^ E« U ^ Eg^ U 

^•••^Eg^UDf ^•••^Eg)) 

where 

- El," = Ei'-" Up<"(I)<'-') (resp. E» = E^" UpSJ'(Or") )i 

— E^"* (resp. Eg^ ) is the £-th singular sublocus generated by the composition of 
contracting surjective morphisms: 

_(i) -(^-1) -W / -(1) -(^-1) -W \ 

Pl°---°Pl °Pl (resp. Pr°---°Pr ° Pr ) 

restricted to their action on the normal crossings divisors D^^^ ■ ■ ■ Df~^^ (resp. 
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• Let "^^ = Ef~^^ . (resp. sg"^^ = E^"^^ . 4^"^^ ) be the factorisation of the 

singular sublocus (resp. ) as introduced in proposition 2.1.5. 

And, let 

(resp. pg'"^)^^) : E^"^) U D^'^ . S^^^ ^ 



be the £-th surjective morphism restricted to the singular sublocus E^ (resp. E^^ ): 

_(sing)W _(sing)(£) ^ ^ g^^^ ^^^^^^ ^.^j^ ^^^^ ^(£-1) ^^^^^ ^(t-l) y 

Then, the order of E^^ (resp. E^^ ) at each point pl (resp. pr ), being the maximal 
power of the maximal ideal of pl (resp. pi? ), is superior to the order of E^ (resp. 

Indeed, the factorisations of E^~^^ (resp. E^~^^ ) and of E^^ (resp. E^^ ) are respec- 
tively given by: 

and by 

Ef = (resp. E» = 4" . /<" ) 

in such a way that the order of E^f^ (resp. ) is superior or equal to the order of 
E^^~^^ (resp. E^^~^^ ), taking into account [Hau] that, at the beginning, 

Ef ^ = . if (resp. Eg) ^ L-g^ = 4°^ . 4°^ ) 

is such that 4^ = 1 (resp. E^ = 1 ) and = if (resp. = 4°^ )• ■ 



2.1.7 Definition: Corank of the singular locus 

Let P{xL,yL, zl) (resp. P{xR,yR, zr) ) be the polynomial characterizing the singular 
locus Ex, (resp. S/? ). The number of variables of P{xL,yL, zl) (resp. P{xR,yR, zr) ) is 
the corank of Ex, (resp. Er ). 

This corank is inferior or equal to 3 according to [A-V-Gl]. 

2.1.8 Ideals of differentiable functions 

Prom the beginning of chapter 2, differentiable left (resp. right) functions of (pQ^, (xgj^) 

(resp. (l)Gjj^{^gjg) ) on the conjugacy class representatives gi^^\js,mjg] (resp. gR\js,mjg] ) 
were taken into account (see section 2.1.1). 
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If we consider the set {(pc- (jesp. {(pCj (^9is^^™'js ) '^^ differentiable func- 

tions on the j^-th conjugacy class of G'(")(F+) (resp. G'(")(F+) ) restricted to the singular 
loci TiL[js,mj^] (resp. T,ji[js,mjg] ), we introduce an ideal of differentiable functions char- 
acterized by the polynomial Pjj^{xL,yL, zl) (resp. Pj^{xR,yR, zr) ) (see section 1.8). 

2.1.9 Simple germs of differentiable functions 

Assume that the singular locus I^L[js,mjg] (resp. 12R\js,mjg] ) is given by a singular point 
of finite codimension. Then, the corresponding simple germs of differentiable functions are 
the following [A-V-Gl]: 



Ak 


fix) = 




k>l , 


Dk 


f{x,y) 


= x^y + y^~^ , 


k>4: , 


Eq 


f{x,y) 


= x' + y\ 




Er 


f{x,y) 


= x^ + xy^ , 




Es 


f{x,y) 


^x^ + y^ . 





They are described by the classical Dynkin diagrams. 

Applying proposition 2.1.6, we shall now see how it is possible to generate a singular 
point of corank 1 and myltiplicity /c by a singularization of type . 



2.1.10 Proposition 

A singularization of type Ak , given by the germ yi = x^^^ (resp. = x'^^ ) of differ- 
entiable functions (f)Q^^ i^gjg) (i"Gsp. (f)^Q^^ i^gj^) ) the js-th conjugacy class ofG^''\F+) 
(resp. G(")(FJ") ), is generated by the following sequence of contracting surjective mor- 
phisms: 



-(Sing) . ^(0) ^ u D« ^ • • • ^ o;^ U D^^ xl-'' 
_(i) _(fc) -(fc+i) 

(resp. pg-): dJ?) ^ x« U ^ • • • ^ 4 U i^?^ ^ 4"^^ 



restricted to the singular subloci S^'' = x\ (resp. t!"^ =x'^),l<k<k-\-l,in such a 
way that: 

1 ) the contracting surjective morphism: 

■pf : x^-^ U D^t^^ . 4 , 1 < A; < A; + 1 , 

(resp. f^: 4"^ U .4), 
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restricted to the singular suhlocus S^^^ (resp. ), is a fibre bundle whose fibre D^^ 
(resp. D^^ ), being a normal crossings divisor on a real irreducible completion F^., 
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(resp. F'^., ) according to definition 2.1.4, collapses into the germ (resp. x% ). 
The fibre D^^ (resp. D^^ ) is thus a contracting fibre). 



(resp. -p^: ^^^K.) U (dJ?), • • • , D^^) . ^^S^,) ) 

is the singularization morphism of the differentiate function (f^Q^. {xg.^) 



(resp. (pQ. {xg.^) ) generating a germ ul — x^^^ (resp. yu — x^j^^ ) on it. 



(resp. pP: x p^lE^^) = x^) - <f>tli^,.s) ^ i^n^'^ ^ ^'t') ) 

is an isomorphism. 



2.1.11 Corollary 

Every contractive surjective morphism J)^^^ of the sequence of proposition 2.1.10 

provides a germ i/l = x^^ of type Ak at a singular point of corank 1 and multiphcity k in 
such a way that this sequence p^"^^^ of singularizations generates the following sequence 
of simple germs: 

C C • • • C C C • • • , 2 < /c < 00 
characterized by increasing finite multiplicities. 



2.2 The versal deformation 

2.2.1 Generalities on the versal deformation 

The versal deformation will be considered for germs of differentiable functions (j)Q^ {xg^^ ) 
(resp. (I)q^ i^gjg) ) of the left (resp. right) semisheaf 6^(n) (resp. 6^(n) ). These left (resp. 
right) differentiable functions will be written 4>jg^{xL) (resp. 4>jg^{xR) ) where xl (resp. 
xr) is a. n-tuple of numbers 

XL = {xi^,X2^,--- ,XnL) e (F+)" 
(resp. xr = (xi^, X2«, • • • , Xni,) e (F+)" ). 
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So, on the j^-th conjugacy class of the algebraic semigroup G^^\F^) = Tn{F^) (resp. 
GH(F+)^T^(F+) ), there is: 

1) a set of left (resp. right) differentiable functions (pjg,m,j^{xL) (resp. (t)js,mj^{xR) ) which 
are the sections of the left (resp. right) semisheaf 0^{n) (resp. ^„(n) ). 

2) a germ (resp. (f)j^{ujR) ) (or a set of germs) of differentiable functions, where 
ujl (resp. ujr ) denotes a m-tuple of numbers, 1 < m < 3 . 

This germ (f)jg{ujL) (resp. (t)jg{ujR) ) is assumed to be: 

• simple and of corank < 3 ; 

• associated with an isolated singularity of order k . 

As the corank of the singularity is not superior to 3 , the n-tuple of numbers of (-F/)" 
(resp. {F^Y )i restricted to a small domain centered on the singularity, will be rewritten 
according to: 

x'l = {xIl^ ■ ■ ■ ,Xnj^-mL,^lL^ ' ' ' ^^mi) , 1 < mi, < 3 

(resp. Xji — (Xij^, • • • , Xnji-mRi'^lji-i ■ ■ ■ ) ^mj{) )■ 

The finite detcrminacy was first envisaged for germs having an isolated singularity: this 
is the pioneer work of H. Grauert and H. Kerner [G-K], R. Thom, [Thol], [Tho2], [Lev], 
J. Mather, [Matl], [Mat2], [Mat3], V.I. Arnold [Arnl], J.C. Tougeron [Tou], B. Malgrange 
[Mai], and others. 

Afterwards, this problem was generalized to functions having a fixed analytic set S as 
critical set. If / denotes the ideal of functions on this critical set S , the finite /-detcrminacy 
of these functions and their versal /-unfoldings were considered and proved in [Sie] and 
[Pel]. 

With this in view, the preparation theorem and the versal deformation will be recalled 
for germs ^^^(a;^,) (resp. (f)j^{ujii) ) of differentiable functions having an isolated singularity 
of corank 1 and order k . 

2.2.2 The division theorem 

Let x'^ = {xi^, ■ ■ ■ ,Xn^_i,ujL) (resp. x'j^ = (xi^, • • • ,a;„^_i,a;R) ) denote the coordinates 
of (F+)" (resp. (F+)- ). 

A germ 0j^(a;L) (resp. (f)j^{ujR) ) has a singularity of corank 1 (then, m — 1) and order k 
in ul (resp. ur ) if 0j^(O,a;L) = u\ ej^iuji) (resp. (f)jg{0,ujR) = o;^ ejg{ujR) ), where ejg{ujL) 
(resp. ejg{u!R) ) is a differentiable unit, i.e. verifying ej^^(O) ^ (resp. ej^^(O) 7^ ). 
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Let 9[ujl\ (resp. 9[uJi^ ) be the algebra of polynomials in ool (resp. ujr ) with coefficients 
dijiixi) (resp. aijg{xR) ), being ideals of functions defined on a domain Dl C Bl (resp. 
Dr(Z Br ) where: 

• Bl (resp. ) is an upper (resp. lower) half open ball centered on ujl (resp. ujr ) in 
(t)j,{,XL) (resp. (t)j,{,XR) ); 

• xl^ (xi^, ■ ■ • , .T„^_i) (resp. xr = (xi^, • • • , ) is the {n - l)-tuple of x'^ (resp. 
x'^ ) in (F+)-i (resp. (F+)"-i ). 

If the germ (pj^iuj^) (resp. (f)j^{ujR) ) has order k in a;^ (resp. ), then, for every 
n-dimensional differentiable function (germ) fj^^ (resp. fj^^ ), there exists a (n — 1)- 
dimensional differentiable function (germ) qj^^ (resp. qj^^ ) and a polynomial: 

Rj,^ = E ttij^ixL) uj] e ^K] 
1=1 ^ 

(resp. i?^- = E aij^{xR) u] e ^[0;^?] ) 
with degree s < k such that: 

(resp. /j,^ = (l>j,^{^R) . gi,^ + ) 

be the division theorem (adapted to the left and right cases) introduced by B. Malgrange in 
[Mai]. The Malgrange division theorem, closely related to the version of J. Mather [Matl], 
[Mat2] , [Mats] , is the differentiable version of the Weierstrass division theorem [G-R] . 

2.2.3 The division theorem (corank 2 case) 

The division theorem, recalled in section 2.2.2 for germs of differentiable functions having 
an isolated singularity of corank 1, can easily be generalized to germs 0j^(a;i^, a;2^) (resp. 
^jsi^^Rj ^^r) ) having an isolated singularity of corank 2. 

Indeed, a germ 0j^(a;i^, a;2^) (resp. 0j^(a;i^, a;2^) ) has a singularity of corank 2 and 
order k in and a;2^ (resp. and 002^ ) if: 

a) (pjs ,^2j = Pjs , ) e-i, (cji^ , lj2l ) 

(resp. (j)j,{ui^,uj2„) = Pj,{uji^,uj2,,) ej^iui^, u;2j ) 
where: 

• Pj^{ijJi^,uj2^) (resp. Pj^{ujij^,uj2i^ ) is a polynomial of degree k in or in uj2^ 
(resp. uij^ or in U2j^ ); 
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• ejg{u!ij^,u!2L) (resp. ej^(a;i^, a;2fl) ) is a differentiable unit. 

b) the polynomial Rj^^ e 9[u!i^,u!2j^] (resp. Rj^^ G 9[u)i^,uj2i^] ) of the quotient algebra 
has degree £ < k , in such a way that this quotient algebra be a finitely generated 
tensorial space of type (0, 2) and dimension i < k . 



2.2.4 singularization of the semisheaf 6 ^n) (resp. 0„cn) ) 

Let 9 (n) (resp. 9 (n) ) be the semisheaf of left (resp. right) smooth differentiable functions 

^R 

4>ji{^L) (resp. (t)j,{xR) ). 
And, let 

'PGl ■ ^G^"^ ^G^") 

(resp. : ^g^,") ' ^g^") ) 

be the singularization of ^^(n) (resp. ^^(n) ), in the sense of proposition 2.1.6, in such a way 
that 9* („) (resp. 9* („, ) be the semisheaf whose sections 0^"'' {xg. ) (resp. 0^^"'' (x^, . ) ) are 

G^ G^ is^ ■5 « 

the differentiable functions (jy^^,^ i^gjg) (resp. 0^^^^ (^Sj,,) ) endowed with germs (pj^iuj^) 
(resp. (j)jg{u!ji) ) having degenerate singularities of corank 1 . 

2.2.5 Proposition (Versal deformation) 

The versal deformation of the semisheaf 9*^(^„) (resp. ) is given by the contracting fibre 
bundle: 

Ds, ■ (^^^(.) \ ^L(a)) X 9[ul] . ^^(„) 

(resp. Ds^ : (^^(„) \ ^^(a)) x ^[c^r] ^ ) 

• 9L{a) (resp. 9ji{a) ) is the (semi) sheaf of ideals aij^{xi^) (resp. aij^^XR) ) of differen- 
tiable functions as introduced in section 2.2.2. 

• 9[ujl\ (resp. 9[u}j{\ ) is the algebra of polynomials Rj^^ (resp. Rj^^ ) introduced in 
section 2.2.2 



and whose fibre 

9s,^{9\i^l).-- - y{^'L)} 
(resp. 9s, = {9\u^],), 9\u;^r), • • • , 9\u;%)} ) 
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is the family of the (semi-)sheaves of the left (resp. right) base Sl (resp. Sr ) of the versal 
deformation. 

Proof. 6f^ (resp. 6*/^ ) is the (semi)sheaf of differentiable functions 

introduced in section 2.2.2. 

The polynomials Rj^^ G 0[lul] (resp. Rj^^ G 0[ujji\ ) have as coefficients the ideals of 
functions aij^^xi) (resp. aijg{xR) ) on the differentiable functions (pjgixi) (resp. <pjg{xR) ): 
so we have 

(resp. aj^^ixR) C(l)j,{xR) ). 

Then, it appears that: 

(resp. X = (^^(„) \ 9R{a)) x 9[ujr] ), 

and, thus, that 6*5^ (resp. 6*5^ ) is the fibre of the contracting fibre bundle Ds^ (resp. 
) rewritten as follows [Ste]: 

Dsl '■ ^*Q{n) X ^Sl ^*Q(n) 

(resp. Dsj, : ^* („) x . 9* .^.) )■ ■ 



2.2.6 Proposition 

Let 9^T) = r („) X 6*5^ ("resp. ^;:,7„") = r („, X ^5fl denote the semisheaf unfolded from 9* 



(n) 



(resp. ): it is the total space of the fibre bundle Dgj^ (resp. Dgj^ ). 

R 

Let E^(n) (resp. E^(n) ) be the singular locus of 9* (resp. 9* ): it is the sheaf 9(j,^ 
(resp. 9(j)^^ ) of germs (f)jg{u!L) (resp. (l)j^{ujR) ) of differentiable functions. 
Then, we have that: 

a) the unfolded image Dg^{9(f)^^) (resp. Dg^{9^^^) ) of the singular locus S^(„) (resp. 
T,^{n) ) is the ( semi) sheaf 9 (resp. 9f^ ): 



"R 



(resp. 9f,^Ds'^{9^^jy, 
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(resp. DgHe*,^) \ 



Proof. By versal deformation, (resp. 6sj^ ) is the fibre of the sheaf ^^^^ (resp. ^^^^ ) 
of germs of diffcrentiablc functions, outside of which Ds^^ (resp. ) is an isomorphism: 
this is reflected by the equahty b) of this proposition. 



2.2.7 Definition 

The quotient algebra 9[u!l\ (resp. 9[u!r] ) of germs (t)j^{uji) (resp. (t)j^{ujji) ) having a 
singularity of corank 1 and multiplicity (A; — 1) is the quotient of the algebra £^„^ (resp. 
Snji ) of function germs (generally, it is the algebra of integer power series) by the graded 
ideal /<^^^ (resp. I^^^ ) of (t)j^{,ujL) (resp. 0j«(u;ii) ): 

(resp. 0[ujr] = Snn/hu.^) 

where: 

(resp. I^^^ = , • • • , (t>R~^^) ) 

is generated by the partial derivatives 0^ (resp. 0^ ^'^ ) of (j)jg{ujL) (resp. (j)jg{ujR) ), 
[A-G-L-V]. 

The quotient algebra is thus finitely generated: it is composed of the polynomials 
Rjg^ e 9[ul] (resp. Rj^^ G 0[ljr] ) (see section 2.2.2), which generate vector (semi)spaces 
of dimension s < k , and proceeds from a set of contracting morphisms extended those 
considered in the singularization processes as developed in proposition 2.1.6. 



2.2.8 Proposition 

(resp. vr = uj''+^ 

functions (pQ^ i^gjg) (f^sp. (p^Q. {xg.^) ) is generated by a sequence 



1) The versal deformations of the germ yi = uj^ (resp. yR = uj^ ) of differentiable 

■'°L ■'°R 



-t>'c.(fe+i) — yj^ (k+1) ) ■ ■ ■ ) -^c.(/c+i) ) ■ ■ ■ ) -'^c.cfc+i) . 



( resp. D ik+i) = (D^Sk+i) , D^ik+i) , ^S^+i) ) ) 

« ^R ^R ^R 
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of {k — 2) contracting morphisms -D^'(\_|_i) (resp. ) extending the sequence of 

contracting surjective morphisms 'p^^^^^ (resp. 'p^^^^^ ) of singularization according to 
the following diagram: 



(3) (i) Ik) ttC' + I) 

u u 





PL 




u 




u 












i-2 



(idem for the R-case) 

where D^'"^-* is a normal crossings divisor on a real (or a set of) irreducible comple- 
tion(s) F^.i mapped onto the neighbourhood of the germ i/l — u!}^ . 



2) If (f)Q^'^\xg, ) denotes the function having a germ yi — ou]^ of codimension — 2) , 



then, the D^\f.'^j^^ contracting morphism corresponds to the contracting fibre bundle: 
in such a way that: 

• is the contracting fibre, i.e. the divisor D^~'^^ in the neighbourhood of 

yL = oji on a(i-2)j{xL) C ^"^^{xy^^^) . 



Proof. 

1) The versal deformation of a germ yL — oj^^ is an extension of its singularization as 
described in proposition 2.1.10. Indeed, to the i-th contracting surjective morphism 
of singularization: 

pf: cul-'uDf^ >u;i, l<t<k + l, 

introduced in proposition 2.1.10 as a contracting fibre bundle whose fibre D^l'^^ 
(which is a normal crossings divisor) collapses into one point on the germ yL — <-jJ^l^ , 



corresponds the contracting fibre bundle of the versal deformation D^(k+i) 
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in such a way that the divisor Dj^ '^^ be projected in the neighbourhood of the singular 
germ ul = oo^^ where it is rewritten ^ . 

So, from the third contracting surjective morphism of singularization p\ , where 
the singularity becomes degenerated, we can associate to each contracting surjective 
morphism of singularization p^^ ,3<i<A; + l,a contracting fibre bundle , 
i — 2<i<A;+l,of versal deformation. 

2) And, to the sequence of singularizations: 

-(3) _(fe+l) 

Pl . ■■■ . Pl . ■■■ . Pl .Pl > 

corresponds the sequence of versal subdeformations: 

which are embedded and which correspond to the sequence of (/c — 1) embedded vector 
sub (semi) spaces generated by the polynomials: 

JoL ■'°L ■'°L ■'°L 

where R^^ is the truncated polynomial of the quotient algebra 6\ui\ introduced in 
section 2.2.2 and given by: 

3) The order of the divisors D^ '^^ , projected in the neighbourhood of the singular germ 
yi = ^L^^ ' increases in function of the increase of the dimension of the generated 
vector sub (semi) spaces R^j ,i — 2<i<A; + l,of the versal deformation, because 
the space around the singularity becomes "over" compact when the dimension of 
the versal deformation increases. In fact, it will be proved in the following that the 
geometry of the space around the singularity deformed by versal unfolding is spherical. 



2.2.9 Corollary 

The sequence Dg(k+i) (resp. Dg(k+i) ) of contracting morphisms generating the versal de- 
formations of singular germs of corank 1 and multiplicity > 1 explains why the quotient 
algebra 9[u!l\ (resp. 9[u!r] ) of the versal deformation is finitely determined [MatS]. 
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2.3 The geometry of the versal deformation 

The geometry of the versal deformation will be envisaged for the sections ^q^I* (xg^^) (resp. 
(j)Q^ ixg. ) ) of the left (resp. right) semisheaf 9„(n) (resp. ^„(„) ). These sections are 
assumed to be differentiable functions having singular germs (f)jg{u}L) (resp. 4)j^{ijjR) ) of 
corank m < 3 and multiphcity " i ", 1 <i <n (see section 2.2.1). 

Let S (n) (resp. S (n) ) denote the singular locus of a singular germ (f)j^{ujL) (resp. 

4)jAijjR) ) of corank m and multiphcity " i " and let D^, (resp. Dy^, ) be the 
neighbourhood of this singular locus whose curvature is affected by the singularity. 

2.3.1 Proposition 

The geometry is hyperbolic on the neighbourhood -Ds^^ (resp. D^^^ ) of the singular 
locus S („) ( resp. S („> ) of a not unfolded singular germ of corank m < 3 and multiplicity 
"i ",l<i<n . 

Proof. The main idea consists in showing that there is a deviation to euclidicity in 
-De^q, (resp. -Ds^Q ) of the differentiable function (j)a^.^{xg.^) (resp. ^^^^(a^g^J ) of 
dimension n . 

This deviation to euclidicity can be evaluated by searching the conditions to which 
must satisfy the metric ds'^ = gij du^ du^ in the neighbourhood -Ds^^ (resp. Dt,^^ ) of 
the singular locus. 

General conditions in the Euclidean and non Euclidean cases were developed by E. 
Cartan in his classical book "IcQons sur la geometric des espaces de Riemann" [Car] to 
which we refer. 

The developments will be envisaged for the left and right cases without distinction: 
thus, we omit the " L" and " R " and we simplify the notations: 

• Dy,. and D^, become D^, ; 

• S („) and S („) become E ; 

• (t>G]Sxg.^) and (i>G]^{xg.^) become . 

1) Consider first the Euclidean case and remark that there does not exist in general a 
coordinate system giving to the Euclidean space a fix metric. 

Let M be a point of coordinates (m^, ■ ■ ■ , vT') on \ Dy. \ S and let {~ei, ■ ■ ■ , ~en) 
be the basis vectors of the proper referential centred on the point M , such that the 
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components: 

• dM — du^ ~ei , 1 < i < n , 

• d~e- = r^- dv^ ~eu where V^- ^- ( ^ + ^ - 
do not belong to a stratum on (Ds US). 

The integrabihty conditions of d~ei — T^j du^ ~ek are precisely the searched condition 
to which the gij must satisfy. 

These integrabihty conditions can be obtained geometrically as follows. 

To each point M will correspond a point P in the neighbourhood of M . This point 
P is defined by its coordinates (x^, • • • , x") with respect to the referential of the point 
M . 

The components of the differential of the point P are given by: 

Dx' = dx' + du' + x^ Tl^ du' 



such that 

Drx' = ^^+5l + x^ Tl^ with 5\ 



-^ + 5l + x'Tl^ with 5U ' 

= 1 , if i = r . 



Let then M' , M" and M'" be the points obtained as follows: the first M' is obtained 

by increasing the coordinate u'^ by an infinitesimal parameter a , the second M" by 
increasing the coordinate by an infinitesimal parameter /? , and the third M " by 
increasing the coordinate by a and the coordinate by P . 

Let P' , P" and P " be the points corresponding to the points M' , M" and M'" 
respectively. 



The infinitesimal small vector PP' has the " i " contravariant components given by 
aDrX^ . 



On the other hand, to the elementary variations MM'" — {5u^ — 0, • • • , Su^ — 
a, • • • , Su^ — P, - ■ ■ , 5u" — 0} of the points M will correspond the infinitesimal small 

> y 

vector P" P'" — PP' whose components a^DgDrX^ are given by: 

DsDrX^ = ^ + DrxTl 
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Similarly, the infinitesimal small vector P'P " — PP" has for components a(3DrDsX^ . 
An elementary calculus gives that D^DsX^ — DgD^.x'^ — , which leads to the searched 
integrability conditions of dTei — V\Au^ ~ek '■ 



+ (K^s - rf.rt) = 



corresponding to the conditions to which the Euclidean metric gij must satisfy. 

2) Consider the integrability conditions of dTeii for the components i' , 1 < i' < m , of 
a stratum E of corank m . 

Each function (f)^'^\ui, ■ • ■ ,Ui,--- , Un-m, • • • j^i, - • • , Vi', • • • , Vm) , 1 < i < n — m , 
1 < i' < m , having M as critical point (s) [Thol] on E must satisfy: 



n) 



n) 



= 0, 

M 



dvi 

i.e. 

lim (lii, •• • ,Ui,--- ,Un-m:Vi,--- , Vi> + AVi> , ■ ■ ■ ,Vm) 

-(j)^'^\ui,- ■ ■ ,Ui,- ■ ■ ,Un-m,Vl,- ■ ■ ,Vi',- ■ ■ ,Vm)) / ^Vi^ =0, 1 < i' < m , 

which implies that: 

lim • • • ■■■ ,Vi> + Avi>, ■■■ ,Vm) 

Av^/ — »0 

= • • • , Un-m: Vi, • • • , Vi> , ■ ■ ■ , Vm) 

in the neighbourhood Dy. of S . 

This means that, in the 1 < i' < m dimensions of the singular locus E , the differentials 
of the basic vectors must by given by: 

d~eii = V^,-,dv^'~ek' - K-gi'kdv^' • M{u^, ■■■ , u"-""", f \ • • • ,v"') , with k e R + , 

because ||o?'e^i/|| < ||o?'e*i|| in the neighbourhood I?s of the singular locus E . 
Similarly, the components of the differential of the point P{x^' , • • ■ ,x'^') in the i' , 
1 < i' < m , dimensions of E will then be: 

Dx^' = dx^' + dv"-' + x^'V%^,dv''' - KQi'k'dv'"' 

such that 
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corresponds to the r'-th component of the infinitesimally small vector PP' /a' . 
Calculating Dr'Dg'X^' — Dg'Dr'X^' , we find the integrability conditions of d~eii : 





'h' -pk' -ph' -pk' \ 

i'r'^ h's' i's'^ h'r' ) 




dv^' 



'i'r' ~ 



which clearly do not correspond to the conditions given in 1) to which the coefficients 
Qij must satisfy in order that ds^ be Euclidean. 

We thus have a non- Euclidean hyperbohc metric of curvature " — k " on each stratum 
in the neighbourhood of the singular locus E . 

3) These developments correspond to those of Hironaka [Hir3] who showed that there is 
a normal cone along the singular locus E . ■ 

2.3.2 The limit set of the Kleinian group 

A Kleinian group G of = M"U{cxD}is the group of Mobius transformations of M~" if 
it acts discontinuously somewhere in R . 

The action of the Kleinian group G of M " can be extended to ll^^^ = U where 
_ ^(^xi, ■ ■ ■ ,Xn+i) G M"^"*^ : Xn+i > 0} is the (n + l)-dimensional hyperbolic space: 
G thus acts as a group of isometrics of H"'~^^ with the hyperbolic metric. 

The orbit space Mq associated with the Kleinian group G is defined by: 



where L[G) denotes the limit set of a discrete Kleinian group G [Mill], [Tukl], [Tuk2]. 

This limit set is the closure of the set of fixed points of non-elliptic elements of G [Abi] . 
It is a nowhere dense set whose area measure is zero: this corresponds to the zero-measure 
problem of Ahlfors [Ahl]. 

A discrete Kleinian group G is said to be elementary if L{G) consists of at most two 
points. 

An ordinary set Q{G) of a Kleinian group G is defined by Q{G) = R" \ '■ it is 

the region of discontinuity of G . 

Recall that a Mobius transformation of R " is loxodromic if it is a transformation of 
the form g{x) = Xa{x) where a; G R" , A > 1 and a G 0{n) is the orthogonal group of R"' . 
g is hyperbolic if a = id., elliptic if A = 1 and parabolic if g has the form g{x) = a{x) + a 
where a G R" \ {0} and a{a) = a . 



LiG))/G 
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2.3.3 Left and right actions of the Kleinian group 

Similarly, we can introduce left (resp. right) Mobius transformations ql (resp. qr ) acting 
discontinuously in (-F/)" (resp. (-Fr ) in the upper (resp. lower) half space and left (resp. 
right) actions of the Kleinian group on the upper (resp. lower) n-dimensional hyperbolic 
half space H2 (resp. ) . 

The left (resp. right) orbit space M^^ (resp. Mqj^ ) associated with the left (resp. 
right) action of the Kleinian group is given by: 

Mg,^HI^L{Gl)/Gl (resp. Mq^^ Hl^^ L{Gr) / Gr) 

where L{Gl) (resp. L{Gr) ) denotes the limit set of the Kleinian group Gl (resp. Gr ) 
acting on the upper (resp. lower) half space. 

And, a left (resp. right) ordinary set ^1{Gl) (resp. ^1{Gr) ) of (resp. Gr ) is defined 

by: 

^G, = {Fir ^ L{G,) (resp. = {F^r \ L{Gr) ) 

where 

(fJ)" = (F+)- U {00} (resp. (F^)" = (F+)- U {00} ). 

2.3.4 Proposition 

Let S (n) (resp. S („) ) denote the singular locus of a germ (f)j^{ujL) (resp. (l)j^{ijjR) ) of 

corankm , 1 < m < 3 , on the dijferentiable function (pojlixg^^) (resp. ^^"^(a^gj^) ) o-nd let 
-Ds^^ (resp. F>-£^^ ) be the neighbourhood of this singular locus. 
Then, it can be asserted that: 

1) the limit set L[Gl) (resp. L{Gr) ) of the Kleinian group Gl (resp. Gr ) corresponds 
to the singular locus S (n) (resp. S («> ). 

2) the ordinary set ^(Gl) (resp. ^I^Gr) ) of Gl (resp. Gr ), characterized by a hyper- 
bolic metric, corresponds to the neighbourhood D-^^^ (resp. -Ds^^. ) of the singular 
locus. 

Proof. 

1) The limit set L{Gl) (resp. L{Gr) ) has a measure equal to zero and, thus, corre- 
sponds, by the Sard lemma, to the singular locus S („) (resp. S (n) ). 

Furthermore, L{Gl) (resp. L{Gr) ) is a nowhere dense set: so, we have that: 

L{Gl) = S („) (resp. L{Gr) = S {„) ). 

^JR 
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2) It results from section 2.3.3 that the ordinary set Q{Gl) (resp. Q{Gr) ) of Gl 
(resp. Gr ) is characterized by a hyperbohc metric and, thus, that Q{Gl) (resp. 
^1{Gr ) corresponds to the neighbourhood D-£ (resp. D^, ) of the singular 
locus according to proposition 2.3.1. ■ 



2.3.5 Corollary 

The hyperbolic geometry, characterizing the neighbourhood D-^^^ (resp. Dj^^^ ) of the 
singular locus, in such a way that: 

= D^^^^^ (resp. ^{Gr) = D^^^^^ ), 

results from the sequence of contracting surjective morphisms of singularization as devel- 
oped, for example, in proposition 2.1.10. 

2.3.6 The unfolded stratum fj^^ (resp. fj^^ ) 

Let (j)j^{ujL) (resp. (j)j^{ujR) ) denote a singular germ of corank " m " and codimension " s " 
on a n-dimensional differentiable function (^93^) (resp. i^g^g) )• 

Let fjg^ (resp. fj^^ ) denote the versal unfolding of the singular germ (pj^iujL) (resp. 

The dimension of fj^^ (resp. fj^^ ) is in general equal to dj^^ = s , where m < s < n . 

The unfolded function fj^^ (resp. fj^^ ) is embedded in the function (^sj^) (resp. 
(t>G]^i.^9j,) ) such that the complementary /j^^ (resp. /j^^ ) oifj^^ (resp. fj^^ ) on ^g*^^ (x^.J 
(resp. {xg.^) ) has dimension d^x = n — s where s <n . 

The neighbourhood of fj^^ (resp. fj^^ ) in 0[j^(xg^.J (resp. 0[?^(xg^J ) affected by 
the versal deformation is denoted Dj,,An) (resp. Df,,(„) ). 

Finally, let E^^^ (resp. Ti^^, ) denote the possible singular locus on the quotient 
algebra of the unfolded function fj^^ (resp. fj^^ ) and let -Ds^^ (resp. D^,^^ ) be the 
neighbourhood of this singular locus. 



2.3.7 Proposition 

The neighbourhood D ^.^{n) (resp. ) of the unfolded function fj^^ (resp. fj^^ ) 

in i^gjg) (f^sp. 4>g'' (xgj^) ) is characterized by a spherical geometry except in the 
neighbourhood Dy,^ (resp. D^.^, ) of the singular locus 12,1)^^ (resp. T,^^^ ) where the 
geometry is of hyperbolic type. 
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Proof. 

1) The left and right cases will not be distinguished as in proposition 2.3.1. 

Let M be a point of coordinates {u^, - • ■ ,u") on the differentiable function 0*^"^ in 
such a way that M is not localized on the singular locus E and its neighbourhood 
(see proposition 2.3.1 for the notations). 

{~ei, • • • , ~en) will denote the basis vectors of the proper referential centred on M . 
As the stratum 0*^"^ \ E \ of 0^"^ , being not affected by the singular locus, is 
Euclidean, the differentials of M and "e'j are given by: 

dM = du^ Cj , d'e'i = T^j du^ ~e k ■ 

The partial derivatives of the coordinates of a point P in the neighbourhood of M 
will be: 



du 



r 



kr 



2) In consequence of the vcrsal deformation of the singular locus E , the basis vectors 

• • • , ~en) will be increased by a small amount: 

S = K Qkj dv!" . M{v}, ■■■ ,u^) , with K e M + . 
In the dimensions of 

(/..U%<^(„))x(EUDs) 

(as assumed in this proposition), 
we then have that: 

d~ej = V^- du^ ~ek + i^ 9jk du^ • M{u^, ■ ■ ■ ,u") 

leading to: 

Dr x^ = — + 6i. + x' Tl + K gjk S^, . 

Proceeding as in proposition 2.3.1 to calculate the integrability conditions of d~ej , 
we find that the coefficients gjk correspond to a spherical metric of curvature +k > . 

The spherical geometry on (fj^ U Df/^(n)) \ (E U D^) is a consequence of the versal 
deformation of E leading to an over compactness of these strata as resulting from 
proposition 2.2.8. 

3) In the neighbourhood of the singular locus E,^^ . , the geometry is hyperbolic, 
as developed in proposition 2.3.1. ■ 
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3 Spreading-out isomorphism and strange attractors 
3.1 The spreading-out isomorphism 

The aim of this chapter is to introduce the blow-up of the versal deformation: it will be 
called spreading-out (isomorphism) and it is the analogue of the desingularization, also 
called a monoidal transformation. So, in the prolongation of the singularization and of 
the versal deformation, the spreading-out isomorphism corresponds to the blow-up of a 
contracting morphism. 

3.1.1 Characteristics of the versal deformation 

We refer to propositions 2.2.5 and 2.2.6 where the versal deformation of the semisheaf 9* („) 

Gl 

(resp. 0* ) of differentiable functions (xp^. ) (resp. (f)j^(xg^ ) ) endowed with singular 
germs (f)jg{u}L) (resp. (f)jg{uji) ) of corank 1 is given by the contracting fibre bundle: 



(resp. Dsj, : x Os^, > ), 

in such a way that the fibre 

9s,^{9'{u;i),---,9\u;l),---,9\u;l)} 
(resp. 9s, = {9\u;],), • • • , 9\u;'^), • • • , 9\u;%)} ), 

given by the family of sheaves of the base Sl (resp. Sn ) of the versal deformation, is 
projected onto the {n — l)-dimensional coefficient sheaf: 

Oda) = {9l-\a^), ■ ■ • , 9l-\a.), • • • , ^r^(a,)} 
(resp. 9n{a) = " " " > 0^^-\a,), • • • , ) 

whose sections aij^^xi) G 9'l^^{ai) (resp. aij^^xji) G 9^^{ai) ), 1 < < r , are ideals of 
functions on (pj^ixg.^J (resp. (pj^ixg.^J ). 

3.1.2 Lemma 

The semisheaves 9'^'^{ai) (resp. d"^^[ai) ), 1 < i < s , and 9\^{ujD (resp. 6']j(a;]j) ) are 
characterized by the same set of ranks. 
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Proof. 

1) The section aijg{xL) C (pj^ixg^^ ) being a subfunction of (l>j^{xg-^ ) must be character- 
ized by a rank 



where: 



the integer hj^ is a global residue degree verifying hj^ > js , with js being the 
global residue degree of the conjugacy class ^'^"^[ja] (see section 1.6) on which 
^jsi^gje ) is defined. 



N is the rank of a real irreducible central completion (see section 1.1). 



Note that the rank r (n) of gl [js] is r („) = {js . N)'^ , jg = j e IN [Piel]. 



2) As 9sj^ (resp. ) is projected onto ^L(a) (resp. 9ii{a) ) in such a way that the 
semisheaf 0^(0;}) (resp. 0^{u;ji) ) be flat onto the semisheaf 91~^{ai) (resp. ^^"^(oj) ), 
the normal crossing divisor coj^^ e (resp. lOj^^ G ^r{^r) ) must have a rank 
n^i proportional or equal to the rank ^a.^^ of Oj^^ (xl) ■ {n — 1) <2 , then we have 
that n^i — {hjg . Ny , where p > n — 1 . 

Remark that we extend here the concept of rank of a (semi) module to the (semi) sheaf 
deflned on this (semi)module. 

3) Finally, let n^i — {n^j, • • • , n^i , • • • , n^^i} be the set of ranks of the base semisheaf 
9^{ujI) (resp. 6*^(0;^) ) and let n„, = • • • • • • be the corresponding 

set of ranks of the semisheaf 92~^{ai) (resp. ^^"^(oj) ) such that, if n — 1 < 2 , 
^(^« > naijg in the sense of 1) and 2). ■ 
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3.1.3 Galois antiautomorphic (semi)group 

a) Let Gal(F+/F°) = Aut^o F+ (resp. Gal(F+/F°) = Auti^o F+ ) be the Galois 
automorphic group acting transitively on the set of ideals 



F+C---CF+ C---CF+ (resp. F+ C • • • C C • • • C F^t ) 

forming an increasing sequence characterized by the extension degrees: 

: F°] = :F°]^*+j.N (see section 1.1) 

and, more particularly, by their global residue degrees forming the increasing se- 
quence: 

/w, C • • • C /^.^ C • • • C f^,^ (resp. /^,^ C • • • C /^.^ C • • • C /ij,^ ) 
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where: f^^_, = f^j.^ = j , j g N . 

b) Inversely, we introduce the Galois antiantomorphic group Gal~^(F^ / = Aut^o Fl 
(resp. Gal~^(F^/F°) — Aut^o ) acting transitively on the set of ideals: 

F+ D • • • D F+ D • • • D F+ (resp. F+ D • • • D F+ D • • • D F+ ) 

forming a decreasing sequence characterized by a decreasing chain of global residue 
degrees: 

D • • • D Ui, D • • • D /^i^ (resp. /^^^ D • • • D /^.^ D • • • D /^^ J 

with the condition that s < r . 



3.1.4 n-dimensional representations of products, right by left, of Galois groups 

a) Referring to [Piel] , we introduce the explicit n-dimensional representation: 

Repg, : Gal(F+/F°) x Gal(F+/F°) . G(")(F+ x F+) 

of the product, right by left, of the Galois automorphic groups in such a way that 
the conjugacy class representatives of the bilinear algebraic semigroup G^'^\F^ x F/) 
form the increasing sequence: 

^SL[1]C---C^£ji,]c---C^£,[r] 

characterized by the increasing sequence of their ranks 

(l.Ar)2" C ••• C (j .A^)^" C ••• C (r.A^)^" , j<r (see section 1.6). 

b) Similarly, we can introduce the (inverse) n-dimensional representation: 

Rep^,,. : Gar^(F+/F'^) x Gar^(F+/F°) . ^-^^(^4^ x )) 

of the product, right by left, of the Galois antiantomorphic groups in such a way that 
the conjugacy class representatives of the inverse bilinear algebraic semigroup form 
the decreasing sequence: 

characterized by the decreasing chain of the ranks 

(r . A^)'" D • • • D (j . AT)'" D • • • D ((s + 1) . A^)'" , 
with the condition that s < r . 
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3.1.5 Proposition 

Let G^'"\F^ X F+) be the bilinear algebraic semigroup over the product, right by left, of 
the sets of real completions and F+ . 

Then, the inverse bilinear algebraic semigroup C^^^^H-^^g) x ^^{3)) ^^^^ entries in the 
product, right by left, of the sets of real completions over the first s places, s < r , generates 
the following smooth endomorphism: 

where G^P\f^^^_^~^ x F^^^_^~^) is a bilinear algebraic semigroup complementary of 
X -P^^^) in the sense that it is defined with entries in the (r — s) last places. 

Proof. As i^^s) ^ ^v{s) ) n-dimensional representation of the product, right by 

left, of Galois antiautomorphic groups according to sections 3.1.3 and 3.1.4, its conjugacy 
classes form a decreasing sequence from the r-th biplace Vr x Vr until the (s + l)-th biplace 
Vg+i X Vs+1 in such a way that (r — s) conjugacy classes of G'^^\F^ x F+) have been 
disconnected and generate the complementary bilinear algebraic semigroup G^f* (-^^^-s) ^ 

— s)) ' 

So, every smooth endomorphism E[G'^'^\F^ x of G'^^\F^ x F+) is generated by 
the inverse bilinear semigroup G'*^^^-'"(F^^.^ x F^^^-^) in such a way that two non connected 

bilinear algebraic semigroups G^~^^^"'\F^^^s^ ■^■^v{s)) ^^i^^-^^r-s) ■^■^v{r-s)) produced 
from G'('^)(F+ X F+) . . 

3.1.6 Corollary 

Let 9„(n) = 9„(n) ® 9„(n) be the hisemisheaf of rings on the bilinear algebraic semigroup 

^RxL ^'R 

G'^'^\F^ X F^) as introduced in section 1.1. 

IfO^in) is noted Oc'-^\f+xf+) ? ^very smooth endomorphism of it is given by: 



Proof. This is an adaptation of proposition 3.1.5 to the bisemisheaf Og(^){f+xF+) 
bilinear algebraic semigroup G^'^\F^ x F+) . ■ 
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3.1.7 Decomposition of G^'^\F^ X Fj") in irreducible completions 

As the bilinear algebraic semigroup G'^'^^F^ x F+) is constructed on products, right by left, 
of irreducible completions of rank N and as its js-th, mj^-th conjugacy class representative 
9RxL\JsjiT^js] counts js products, right by left, of irreducible completions of rank N , we 
have, in fact, in x F+) : 



pairs of irreducible completions where m^^^^ — supm^^ is the multiplicity of the j'^-th 
conjugacy class representative. 

So, on G^"\F-^ X F+) , we have an increasing sequence: 



(F+ X F+ ),p c • • • C G^") (F+ X F+ ) 

C ... c G^^^fFi, xF+ 



of sets of conjugacy class representatives where: G^^^{F^^^^ x ^ )up denotes a bi- 
linear algebraic semigroup whose upper entry is the irreducible bicompletion (K^ x 
^ ) .To simplify the notations, the increasing global residue degree of G^^^iF^ x F+) , 
associated with its structure in products, right by left, of irreducible completions, will be 
noted / running from 1 to r^^j; ■ 

3.1.8 The fibre Qs^ (resp. Osr ) of the versal deformation 

These considerations can be transposed to the fibre 

(resp. ds, = {Q\u:\\ • • • , • • • , ^^K)} ) 

of the versal deformation in the following way: 

Let O^iy'^i) (resp. ^^(cf)^) ) be the i-th sheaf of the base 5"^ (resp. 5"^ ) of the versal 
deformation. 

This i-th (semi)sheaf Q^ioj'^j} (and O^iio'^^ ) is characterized by the set of ranks n^^i — 
{n.A , ■ ■ ■ ,n, ,i , • • • .n^^i } according to lemma 3.1.2 where n,,i refers to the rank of the 
normal crossings divisor o;]^ , which is the i-th generator of the versal unfolding of a singular 
germ ^j^iuji) (resp. (^^^{ujr) ) of corank 1 and codimension s on the j,5-th differentiable 
function (xg^ ) (resp. (f)jg{xg. ) ) of the semisheaf ^* („, (resp. ^* („) ) (see section 3.1.1 
and proposition 2.2.8). 
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To this rank n^i = {hj^ . Ny (see lemma 3.1.2) corresponds the unramificd rank 
or global residue degree f^i = {hj^Y = n^i / which is the number of irreducible 
completions on the divisor Uj^ . 

As in section 3.1.7, we shall label the set of irreducible completions in 6^{uj}^) (and 
on 9^{uj]^) ) by a unique integer fi running over all the normal crossings divisor uoj^ , 
1 < < 5 in such a way that the maximal value of fi will be given by: 

js=l mjg 

So, we have irreducible completions of rank N on the i-th base semisheaf 6^{uj}^) 
(resp. 9^ {u}^) ) of the versal deformation. 

Remark that an integral irreducible closed subscheme of rank N is defined on an irre- 
ducible completion of rank N , the concept of rank being extended here from the topological 
(sub)space to the (sub)scheme on which it is defined. 

As a smooth endomorphism was introduced on the bilinear algebraic semigroup 
G(^)(F-^ X Fj~) in proposition 3.1.5 and on the bisemisheaf 9„(n) on it in corollary 3.1.6, 

'-'RxL 

a smooth endomorphism can be defined on the i-th base semisheaf 9^{u!]^) (resp. 9^{u!}^) ) 
as follows: 

3.1.9 Proposition 

Let 9^{u!]^) (resp. 9^{u!}f) ) be the i-th base semisheaf of the versal deformation of the 
semisheaf 9* ,^) (resp. 9* ). 

Let be the maximal value of its global residue degree counting the irreducible closed 
subschemes of rank N . 

Then, the following smooth endomorphism 

E^i[0\<^i)fH = ^*'K)/* ® ^/K)// , with = e N , 

can be introduced on the semisheaf 9^ {u}^) /pax in such a way that it decomposes into two non 
connected complementary semisheaves 9*^{u!]^)f* and 9^{u)Jfi whose global residue degrees 
verify: 

fr'-ft+f!- 



Proof. The semisheaf 9*^{u;\)f* is a "reduced" semisheaf generated from the semisheaf 
^^(a;];,)/max Under the action of the Galois antiautomorphic group according to the endo- 
morphism: 
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where: 



0}{uj}^) fi is the semisheaf complementary of 9*^{u!}) in the sense of proposition 3.1.5 
and corollary 3.1.6. 

0*^{u;\^)f* is characterized by decreasing global residue degrees /* while 0}{u;})fi is 
characterized by increasing global residue degrees // in such a way that 



max 
i 



3.1.10 Proposition 

Every base semisheaf 6^ {u}\) (resp. ^^(ccj)^) ) of the versal deformation of the semisheaf 
(''^^^V- ^^(n) A 1 — ^ — '5 7 can generate under the smooth endomorphism E^i^ (resp. 
E^i ) the elements of the category c{6^i ) (resp. c{9^i ) ) of the (/j — 1) pairs of semisheaves 
of rings: 



• ••,(ri(a;i)i©^lK);^ax_,)}, i</;</r 



whose objects are two non connected semisheaves characterized by complementary global 
residue degrees verifying: 

fr'-ft+f!- 



Proof. This is a generahzation of proposition 3.1.9 where (/™^ — 1) endomorphisms E^i^ 
are considered. ■ 

3.1.11 Corollary 

Let f* denote the global residue degree of the reduced semisheaf 9*^ (ui) f* , < / * < f*^'^^ . 
Then, the smooth endomorphism E^^i^ is maximal when / * = . 

Proof. If / * = , then the semisheaf ^^^(ct;^)/max has been completely transformed under 
E^i into the complementary base semisheaf 6]{uj\^)fm^^ : this is equivalent to say that the 



base semisheaf 6'^(a;]^)/max has been totally disconnected from the semisheaf 9 



(n) 
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3.1.12 Proposition 

Let 6'^^(^„^) = 9* („) X 9sj^ (resp. 9^^^^^ — 9* („, x ) be the versal deformation of the singular 
semisheaf 9'^(^„) (resp. ), as introduced in proposition 2.2.6, where 

9s,^{9\u;l),--- ,9\u;},),--- ,9\u;i)} 

(resp. 9 s, = {9\u;],), 9\u),), 9\u;%)} ), 

fibre of the contracting fibre bundle Ds^^ (resp. Ds, ), is the family of the semisheaves of 
the base Sl (resp. Sr ) of the versal deformation. 
Then, there exists a family of isomorphisms 

ifi ) ■ ■ ■ 1 fi 1' ' ' 1 fs) '■ 

O^i.) X 9s, > X 9's^ U {9\{ujl)f^, 9]{u;l)fj, ^)K)/.} 

(resp. n,,(//, ■■■,//, ■■■,//): 

X > ^^(n) X 9's^ U {9}{uj],)fj, ^IK)^., • • • , ) 

R R 

disconnecting fl irreducible subsheaves of rank N from the base semisheaf 9^ {u]^) f^a^ on 
^*(„) , // irreducible subsheaves of rank N from the base semisheaf 9^{ui\)f^a^ on 
^* („) , . . . , and so on, 1 < i < s . 

The set of complementary global residue degrees (//, ■ ■ ■ ,//,■■• , //) varies in such a 
way that 1 < // < /r^^, ■ ■ ■ , 1 < // < f^"", ■■■,!<//< IT'""' implying, for each set 
{fl, ■■■ Jlr-- Js) a family of isomorphisms n,(//, ■■■,//,■■■,//)• 

The residue fibre 9'g^ (resp. 9'^^ ) is given by: 

= ^s, \ mu;l) f.,---, 0}{u;i) • • • , ^}K)//} 
(resp. 9's, = 9s, \ {9]{uj],)fi. • ■ ■ , • " • , ^iK)//} )• 



Proof. This proposition is a generalization of proposition 3.1.10 in such a way that the 
smooth endomorphism E^i^ (resp. E^^i^ ) , generating (/™^ — 1) pairs of semisheaves of 
the category c(^^i ) (resp. c{9^i ) ), is extended to all the base semisheaves 9^{uj\) (resp. 
9^i ), l<i<s,of the considered versal deformation. ■ 
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3.1.13 Corollary 



The family of isomorphisms Ils^(f(, •••,//,•••,//) (resp. n,^(//, •••,//,•••,//) j 
maximal in the i-th semisheaf 6^ (uj\) (resp. 0^(oi)}^) ), and, then, noted IlT^^^\f[ ,■■ ■ , //, 



, //) (resp. nfr^\f(, ), ^ff: 







Proof. If /* = , then the base semisheaf 9^{u}i^) has been completely transformed, 
under E^i^ , into the disconnected complementary semisheaf 0}{u!\)fi in such a way that 

f i f i 



"L 
^max 



3.1.14 Corollary 

The family isomorphisms n^^'^"(//, ■ ■ ■ , fl , ■ ■ ■ , fD (resp. n^^^"(//, •••,//,••-,//) ) is 
maximal if it is maximal in every semisheaf 9^ {cu]^) (resp. ^H"^)?) ), ^ ^ i ^ s , of the 
base of the versal deformation. 

Proof. This is a generalization of corollary 3.1.3 to all the base semisheaves 0^{ijj'i) (resp. 
0^{u'p) ) of the versal deformation, implying that: 

1) . = and // = /r^^ 
. /* = and = 



2) 



and // = f, 

TTmax/ fl fl 
^^Sl Ul ' ■ ■ ■ ■, Ji ■, 



max 



(resp. n--(//, •••,//, •••,//): 



^Q(n) U {6'}(a;^)/max, • • • , 6'} (a;^)/max , • . . , 6')(a;^)/max} ). 



3.1.15 Category of vertical tangent bundles 



Let Ty^ = {Ty. , ■ ■ ■ , Ty , , ■ ■ ■ , Tv^s } (resp. Ty,,. 



■ |Ty Ty Ty„,s | ) de- 

note the family of tangent vector bundles obtained by the projection of all the disconnected 
base semisheaves 0}{u!\^) (resp. 0}{u!}^) ), 1 < i < s , in the vertical tangent spaces Ty . 

(resp. Ty . ) characterized by normal vector fields Wi^^ (resp. Wi^ ) . 
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The proper projective map of the tangent bundle Ty ^ (resp. . ) is given by: 
(resp. ry^^ : Ty^, (^IK)//) > ^IK)// ) 

so that Ty^^ = W^.Yi=l (resp. Ty^^ = {^V^^yi=l )■ 

To the category c(^^)(ct;^)) (resp. c(^)(a;)^)) ) of disconnected base semisheaves 0]{(jj'^j^) 
(resp. 0]{ijj'''f^) ), 1 < i < s , will then correspond the category c{Ty . (^)(<^i)) (resp. 
c(Ty . {0]{uj\^)) ) of sections of tangent vector bundles. 

3.1.16 Proposition 

The eoctension of the quotient algebra 9[uji\ (resp. 9{[uji^ ) of the versal deformation of the 
singular semisheaf 6* ^^^^ (resp. ), having an isolated degenerate singularity of corank 

(^R 

1 and codimension s in each section of 9^(^„) (resp. 9^(n) )> is realized by the spreading-out 
isomorphism 

SOTl = (tvv^ o n^^) {resp. SOTr = {ry^^ °^sr) )■ 



Proof, het (resp. ) be the kernel of the normal vector bundle . (resp. Ty .). 
Then, the exact sequence: 

. . Tvv. (^)K)//) ^ ^)K)// > 

TV 

(resp. . I^.^ . Ty^^^{9}{u;^R)fj) 9]{u^\,)fl > ) 

represents an extension of 9]{(jj'^i}fi (resp. 9]{uoDji ) by the kernel (resp. J^i^ ). 

And, the isomorphism SOTl = ijVw,^ ° ^s^) (resp. SOTr = (t"\v^ o IIs^) ) constitutes 
an extension of the quotient algebra 9[ujl] (resp. 9[ujr] ) of the versal deformation of 9* („) 
(resp. 9* ) (see definition 2.2.7) since the base semisheaf 9s^ (resp. 9s^ ) has been 
partially or completely extracted from („) (resp. („> ): this also corresponds to an 

^R 

extension of the desingularization process as it will be described in the next chapter. ■ 
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3.1.17 Corollary 

The eoctension of the quotient algebra of the versal deformation of the singular semisheaf 

0* (n) (resp. 9* (n) ) is maximal if the spreading-out isomorphism is given by: 
Gl g^ 

SOTr"- = {ry^^ o n--) {resp. SOT^ = {ry^^ o n^-) ). 

Proof. Indeed, in this case, the base semisheaf 6s^ (resp. 9sj^ ) has been completely 
pulled out from the quotient algebra 9[uJi\ (resp. 9[uob\ ) in the sense of corollary 3.1.14 
and projected in the vertical tangent space Tvv^ (resp. Ty^^ ) according to the map Ty^^ 
(resp. rvv^ ). ■ 

3.1.18 Proposition 

The spreading-out isomorphism SOTl (resp. SOTr ) is locally stable if the generated dis- 
connected semisheaves Ty^^ {9}{u!}^)fi) (resp. Ty^^ (^/('^ii)/^) ) are locally free semisheaves. 

Proof. That is to say that the semisheaves Ty^^ {9}{u;Dfi) (resp. Ty^^ {9}{u;}i)fi) ) are 
free of singularities. ■ 

3.1.19 Proposition 

The maximal number of complementary disconnected semisheaves Ty^. {9}{u!'i)fi) (resp. 
Tv^i ) is equal to s . 

Proof. Indeed, the integer " s " is the codimension of the versal deformation of the 
semisheaves 9* ,^^ (resp. 9* ,^^ ). ■ 

3.1.20 Gluing-up disconnected base semisheaves 

Let 9}{Du;i) (resp. 9}{Du;}i) ) and 9]{Du;{) (resp. ^j(-Da;ij) ) denote the i-th and j-th com- 
plementary semisheaves 7V^^ (^}(u;i)y/) (resp. Ty^^^{9}{u;}i)fi) ) and Ty^^ (^^(a;^)^/) (resp. 

'^v j {9]{<-jJ^r) fi) ) extracted from the base semisheaf (resp. ). These semisheaves 
can be glued together in a compact way according to: 

For each pair , let 11^ be an isomorphism from ^j(L)(a;]^) nD(a;;^)) to 9l{D{ijj\) fl 
D(a;^)) where D{ijj'i) and D{uj^j) denote the domains on which these semisheaves 9l{Dijj'i) 
and 9^^{Duj'\) are respectively defined. 
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Then, there exists a semisheaf 6^{D{uj^j^-') ) , defined on the connected domain D (u;^""' ) = 
D{u]^) UD(uJ-[) , and an isomorphism rii from 6^{Duj\) to 9l{Dijj\) such that Yiij = riionj^ 
in each point of D{uj\) fl D{u}-'^) , W i, j , 1 < i, j < s : this is an adapted version of a 
proposition of J. P. Serre [Serl]. 

So, 9^{D{uj'j^-' j) is the semisheaf corresponding to the gluing-up of the semisheaves 

Note that the right case " R " can be handled similarly and parallely. 

3.1.21 Sequence of spreading-out isomorphims 

Let Osot{i)l (resp. Osot{i)r ) denote the family of disconnected base semisheaves 
{6} (Dul)}^^-^ (resp. {Oj {Dcu}^)}^^^ ) of the extension of the quotient algebra of the versal 
deformation SOT{1)l (resp. SOT{l)ii ). This family of semisheaves, having been glued to- 
gether according to section 3.1.20, covers partially the product x^^^ (resp. x^^^ ) 
of the singular semisheaf 9* („) (resp. 9* („) ) by the residue fibre 9'g (resp. 9'g ) of the ver- 
sal deformation having not been disconnected from (resp. ) by the isomorphisms 

^sAf(, ■■■,//,•••,//)£ S0T{1), (resp. H^J//, ■■■,//,■■■,//)€ SOT{l)n ). 

If the spreading-out isomorphism S0T{1)l (resp. S0T{1)r ) is not locally stable, as 
noted in proposition 3.1.18, then singular germs ujj^ (resp. ), 1 < « < =s , 1 < j,5 < r , 
on the sections of the base semisheaves 9sot(i)l (resp. 9sot{i)ii ) can be degenerated. 

Consequently, a versal deformation of 9sot{i)l (resp. 9sot{i)r ) can be envisaged fol- 
lowed by a spreading-out isomorphism SOT{2)l (resp. SOT{2)r ). The resulting family 
of disconnected base semisheaves of the extension of the quotient algebra of the versal 
deformation SOT{2)l (resp. SOT{2)ji ) will be noted 9sot{2)l (resp. 9sot(2)r )■ 

So, a set of " h " versal deformations followed by " h " spreading-out isomorphisms can 
be envisaged until the disconnected base semisheaves 9soT{h)L (resp. 9soT{h)ii ) are free or 
locally stable, /i < (s - 1) , /i e N . 

3.1.22 Remark 

The spreading-out isomorphism was envisaged for singular semisheaves ^^(„) (resp. 9*^f^„) ) 
having isolated singularities of corank 1 . If it is referred to section 2.2.3 where the versal 
deformation of germs of corank 2 is considered, it is not difficult to develop the spreading- 
out isomorphism for unfolded germs of corank 2 (and corank 3) similarly as it was done 
for germs of corank 1 . 
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3.2 Inner dynamics and strange attract ors 

This section envisages the spreading-out isomorphism from a differentiable dynamical point 
of view in such a way that strange attr actors, related to the versal deformation of singular 
germs, blow up under the spreading-out isomorphism into new disconnected attractors. 

3.2.1 Left and right difFeomorphisms of G(")(F/ X F+) 

The generation of the bilinear algebraic semigroup G'^'^^F^ x F+) can also be studied 
from a diffeomorphic point of view leading to an inner bidynamics. In this respect, the 
differentiable biaction of the product, right by left, F-^ x F+ of the sets of completions of 
the bilinear algebraic semigroup G^'^\F^ x F+) is considered. This biaction is a homo- 
morphism: 

F+ X F+ . Difr(G(")(F+ X 

in such a way that 

(F+ X F+) X X F+) > G^^\F+ x F+) 

is differentiable. 

Diff (G^") (FJ" x F+) ) denotes the group of all diffeomorphisms of G^") {F^ x F+) sphtting 
into: 

Difr(G(")(F+ X = J^mn{Gf{F^) x Diff^(Gi")(F+) 

where T>\S.l{G^'^\F:^)) (resp. T)\^r{G^'^\F^)) ) denotes the semigroup of left (resp. right) 
diffeomorphisms . 

If these diffeomorphisms are studied from the point of view of orbit structure, then a 
left (resp. right) generator Jl G DmL{G^^\F+) (resp. fn e Difr^j(G'ij''^(F+) ) must be 
taken into account as acting on an irreducible completion FX (resp. FX ) of rank N 
in such a way that the orbits of Ft (resp. Fj ) relative to /l (resp. /r ) are the left 
(resp. right) subsets {/i'(F;J )yj5=i (^^^p. {fniF^i )}5,=i ) of the js conjugacy classes of 
Gt\FX) (resp. G^iF^^) )/ 

3.2.2 Proposition 

A set of{js)^ left (resp. right) orbits f-[^{F\ ) (resp. /^*(F_t ) ) of F\ (resp. FX ) relative 
to fi (resp. fn ) constitutes the structure of the {js,mjg)-th conjugacy class representative 
^i"^b5,m,,] (resp. ^?^b,,m,,] ; o/gP(F/) (resp. G^iF^) ). 
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Each orbit fl\F\ ) (resp. f^{FX ) ) is composed of js irreducible completions F~^., 
(resp. F^^i ), 1 < fx < js , of rank N and is associated with a Frobenius substitution: 

/L(i^,t ) > f^F^. ) (resp. fn{F+ ) . /^^(F+ ) ). 

Proof. 

a) As the left (resp. right) orbit fl^ {F\ ) (resp. (FJj ) ) is the image of the map: 
fi'-- > g^L%,m,,] (resp. : > g^^^\js,m,,]), 




j's < js 1 of I'ank N according to [Piel]. 
As a result, the Frobenius substitution: 



h > fl' (resp. fn . /^^ ) 

on the generator e J^\^l{G^^\f+) (resp. fn e J^\^r{G^^\f+) ) follows, express- 
ing that we are dealing with one-dimensional components of representatives of the 
i5-th conjugacy class of Gt\F+) (resp. Gf{F^) ). 

b) As the rank of the conjugacy class representative g'f^\js,mj^] is rl"j = {js . A^)" and 
its global residue is /i""* = j^ , the number of left (resp. right) orbits f^j^{F\ ) (resp. 

fniK^ ) ) oigP\js,mj^] (resp. gP\js,mj^] ) must be equal to 

^o,^, = ^o^^, = UsT ■ 

3.2.3 Proposition 

Let Out(G'(")(F^ X F+)) denote the group of outer automorphisms of G^^\F^ x F+) . // 
the bilinear algebraic semigroup G^"'\F^ x F+) is assumed to be {C^)-differentiable, then 
the isomorphism: 

/ouwDiff : Out(G('^)(F+ X F+)) . Diff (G'(")(F+ x F+) 

follows. 
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Proof. According to [Piel], the group of outer automorphisms Out(G^'^\F^ x F^)) of 
G^''\F^ X F+) is given by: 

Out(G'(")(F+ X F+) = Aut(G'(")(F+ x Int(G(")(^F x F^) 

with Int(G'(")(F+ x F+) = Aut(P('^)(F+ x F+) where Aut(P(")(F+ x F+) is the group of 
automorphisms of the bihnear parabohc semigroup P^'^^F^ x F^) . 

As a result, G^'^^F^ x F+) acts on P*^"')(F_'[ x P^) by conjugation generating by this 
way the conjugacy class representatives S'R^xLb^' ""^i*] '^^ G^"'\F-^ x FJ~) . 

And, these conjugacy class representatives S'^xL^S' ^js] '^^^ decomposed into normal 
crossing completions resulting from their compactification as developed in [Piel]. 

So, we have that: 

9iiL\js,mJ ~ n(F4,„.^ X ,^.^) 

implying that gi^^jsjiT^js] (resp. gR^\j6,'mjs] ) can be partitioned into (js)"' completions 
from an algebraic point of view. Indeed, it has been seen in [Piel] that 

Out(^S^L;,,m,,]) n(Gal(F4,^^yF°) x GaKF^^^^.^F^)) 

where Out((?S^[j5, m,J) C Out(G'(")(F+ x . 

Thus, a one-to-one correspondence can be established between the elements of 
Out(G'(")(F^ X and the elements of Diff (^("^(F^ x leading to the generation 

of the conjugacy class representatives g^l^^jsjiTijg] (resp. gR^jsjiTT-jg] ) which decompose 
into completions from an algebraic point of view or into orbits from a differentiable point 
of view in such a way that they correspond bijectively. ■ 

3.2.4 Inner bidynamics 

1) By a one parameter semigroup of left (resp. right) diffeomorphisms Diffi(G^^(F+)) 
(resp. DiSR{G^^\F+)) ) of the algebraic semigroup G^^\f+) (resp. G^^\f+) ), we 
mean a continuous map: 

(resp. fjl : gR^\j5,mj^] x F+ > gP\js,mj^] ) 
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for every conjugacy class representative of G)^ {F^) (resp. (F-^) ) such that, for 
all ks,is G IN verifying js = ks + is , have that: 

°L L L 

(resp. f%ks+is^^3Ji)) = f%ks- fR-Zs^^Lw) ^ )' 

°R °R "l ■''5 

where kg and is refer to the numbers of irreducible completions in ff^ (resp. fjf ) . 

2) The tangent (semi)space to the one-parameter semigroup of left (resp. right) diffeo- 
morphisms of G^l\K) (^sp. gP{F^) ) is the space of sections T{T{gP{F+))) 
(resp. r{T{G^-^\F+))) ) of the tangent bundle T(G'i"^(F+)) (resp. T{G^^\f+)) ) 
whose fibres in each point xjg^ e g]i\j5,'mjs] (resp. xjg^ G 9R\js-,'nT'js] ) ^-^'^ given 
by the tangent vectors li L{xjg^) (resp. 'nnixjg^) ) defined by: 

(resp. ^i.(a^..J-| )■ 

This allows to generate a left (resp. right) internal dynamics of the algebraic semi- 
group G^^\f^) (resp. G^^\f^) ) taking into account that the tangent bundle 
T{G^j^\f^)) (resp. T(G'^''(F^)) ) has to be horizontal in order that the tangent 
vectors li L^Xj^^) (resp. 'n R^Xj^^) ) be rotational velocity vectors. 

3) An internal bidynamics of the bilinear algebraic semigroup G^'^\F^ x F+) can be 
reached by considering the horizontal tangent bibundle 

T(G(")(F+ X F+)) = T{Gt\F^)) x T(4")(F+)) 

whose (bi)fibres in each bipoint Xj^^ x Xj^^ e fl'iixLb<5' "^j^l tangent bivectors 

'^Rixjg^) X ^L(a;j,^) . 




3.2.5 Translated orbits in the neighbourhood of singular germs 

We are now interested by the dynamics around singularities on the sections 0^^^ (resp. 

(^l^^ ) of the space of sections r(T(G'J^"^(F+))) (resp. r(r(G'5^^(F+))) ) of the tangent bun- 

die T{G^^\f+)) (resp. T{gP{F^)) ) on the conjugacy class representatives gP\js,mjg] 
(resp. g^R^\js,mjg] ). 
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Let then 0j^(c<j£,) (resp. (pj^i^uj^) ) denote a singular germ of corank 1 and codimension 
s on the n-dimensional real-valued diffcrentiable function (pc^^ {x'^^^) € r(T(G^^(F+))) 

(resp. 0S^(xJf ) e T{gP{F+)) ) on g'^r%,rn,,] (resp. ^J^^^b,, m,,] ). 

As fifi^^bs, (resp. g^^^js, rrijg] ) can be decomposed into a set of left (resp. right) or- 
bits/i^(Ft ) (resp. /^^(F+ ) ) relative to/^ e Diff (4")(F+)) (resp. fn G Difr(4")(F+)) ), 
the differentiable function 0^^^ (resp. (pQ^^ ) can also be decomposed into one-dimensional 



subfunctions /i^xAN (resp. /^^tan ) corresponding to orbits translated from f^iF^i ) (resp. 
/^^(F+ ) ) under the tangent bundle T{Gf{F+)) (resp. T{Gf{F+)) ): 



: /iW > fi' , (resp. r(Gj^(F+)) : /^^an ^ fU )■ 

As we are concerned with a singular germ (j)j^{uji) (resp. (f)jg{uj^) ) on the differentiable 
function (I)q^^ (,tJ^^) (resp. 0^^^ (^^J^^) ) which is perturbed in the neighbourhood Dmn 

(resp. Dj^tan ) of (pjAuL) (resp. (pjAuR) ), it shall be assumed that the "translated" 
orbits on Dj,tan (resp. D^tan ) are perturbed one-dimensional subfunctions /^^tan (resp. 
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fn-TAN ) of Jl tan (resp. /^*xan ) characterized by a rank r /^j^ = r = a . N where 

' ' ' JL;TAN JR;TAN 

the global residue degree a is inferior or equal to js : a < js ■ 

Before going closely into the study of the neighbourhoods of singular germs from a dif- 
feomorphic point of view, the tangent space decomposition into contracting and expanding 
components will be recalled. 

3.2.6 Splitting of the tangent space into stable, unstable and neutral subsets 

Let /i.TAN G Difrz.(T(4")(F+))) (resp. /r^tan G DifT«(T(G'(,"^(F+))) ) denote the left 
(resp. right) generator of the diffeomorphisms of the space of sections of the tangent 
bundle T(4")(i^+)) (resp. T{G'^^\f^)) ). 

• A point Xq^^'-^'^ e (fa^^ (resp. x'^^^'^'^ e <Pg^^ ) is non-wandering if, for every 
neighbourhood Uj,tan (resp. C/j,tan ) of xT^^'-^^ (resp. x'^^^'-^^ ), one has: 

/i;TAN(%AN) n [/^TAN ^ 

(resp. /^VN(f^0TAN) n f/^TAN 7^ ). 

The set of non wandering points forms a closed invariant set noted JI^tan (resp 

^TAN ^TAN 

form invariant open subsets [Sma] . 



fi^TAN ). The other points of 0^ (resp. (i)Q^ ) are called wandering points and 
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• A linear automorphism ul (resp. ur ) of the tangent space r(T(G^'*(F+))) (resp. 
r{T{G^j^\F^))) ) will be said to be flat, contracting or expanding if, under 

u, : r(r(G'Sr)(F+))) . r(T(4")(F.-'))) 

(resp. un: r{T{G^^\F+))) . r(r(4")(F+))) ), 

the eigenvalues of 

l«4/i^TAN(^j;^))l = A^1/ifTAN(^Jt) )l ' V 1 < J5 < r , 



(resp. \un{fil,^U^J'^^))\ = >^''\fd,TA^ixJ'^^)\ , V 1 < < r , ) 



satisfy respectively lA-'''! = 1 , |A-'''| < 1 or lA-'*! > 1 . 

So, the tangent space r{T{GP{F+))) (resp. T{T{G^^\f+))) ) exhibits a splitting 
into: 

- stable subsets E'{fl'^j^^{xJ^^^)) (resp. E' {fjl^^^{xj^^^)) ) for which ul (resp. 

^R 

ur ) is contracting. 

- unstable subsets £^"(/i;TAN(^Jti^)) (^esp. ^"(/i'TAN(^Jt? )) ) ^r which ul (resp. 

^R 

ur ) is expanding. 

- neutral subsets £^"(/i;TAN(^Jti')')) (resp. E"-{fjl.^j^^{xJ^^^)) ) for which ul (resp. 

^R 

ur ) is flat. 

Classically, a subset being stable and unstable, i.e. exhibiting respectively a volume 
contraction and a volume expansion under a linear automorphism of the tangent 
space, is said to be "hyperbohc" . This terminology will not be adopted here as it will 
appear in the following. 



3.2.7 Proposition 

Let T{T{G^^\Fi^))) (resp. r{T{G^^\F-^))) ) denote the space of sections of the tangent 
bundle to the algebraic semigroup G^£\f^) (resp. G^^\f^) ). Then we have that: 

1) its stable subsets E'^ifl^.j^ixJ^^)) (resp. -E'^(/r^tan)(^J''^^) ) ^''^^ characterized by a 

4 ' ^R 

hyperbolic geometry. 

2) its unstable subsets E'^{fl".rj,j^^(xJ^^)) (resp. -E'"(/^*TAN)(^Jfi')^) ) are characterized by 

^R 

a spherical geometry. 
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3) its neutral subsets E"' {fltr[j^j^{xj^^)) (resp. E"' {fj^.rj,j^^(xj^^)) ) are characterized by 
an euclidian geometry. 

Proof. With reference to proposition 2.3.1, the developments will be envisaged for the 
left and right cases without distinction and the notations will be simplified as follows: 
Let the point x^^^^ (and x^^^^ ) be given by a point M of coordinates (x*^, • • • , u^) and 

^R 

let /i*TAN(^Tf'^') (^^<i fii-TANi^l^^) ) dcfiuc a point P of coordinates (x^, • • • in the 

' ^R 

neighbourhood of M . 

> > 

The differential d{MP) of the vector MP corresponds to a hnear automorphism: 

u : r(r(4%(F+)) . r(r(4%(F+))) 

MP > d(MP) 

where G^l\{F^) is a condensed notation for G^^\f^) or G^^\f^) . 
d{MP) can be expressed by the differential [Car] 

dP^ {Dx\--- ,Dx\--- ,Dx") 

where Dx^ — dx^ + du^ + x^ du^ , ^ < i < n , with 

pj _ 1 / 9gik dgir dg^r 



2 ydu"- du^ du' 
Let then h be the covering of r{T{G^;^^j^{F+))) by the euclidian space 

h: r(r(4';l,(F+))) — . 

given by: 

dP , h{dP) 

in such a way that: 

hou: r(r(Ga(F+)) .R", 



MP > h{d{MP)) 

Three possibilities occur: 



1) if \\MP\\ = \\h{d{MP))\\ , the subsets of r(r(G'S^"Jj(F+))) are locally Euclidian 



It follows that the norm of MP is conserved under the composition of maps (hou) 
and, thus, that the hnear automorphism u of r(T'(G'^"^(F+))) is unitary. 
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Consequently, in: 

l«4/^TAN(^Jt) )) I = ^^l/i^TANl^,^) I , (*) 

(resp. |«H(/^,TAN(^Jt) ))l = ^'1/^;TAn(^J;) )l ), 

a) lA^'^l = 1 . 

h) ul (resp. ur) is a flat automorphism characterized by an euchdian geometry on 

the subsets of T{T{G''^'^^{F+))) which are neutral. 

> > 

2) if ||MP|| > ||/i((i(MP))|| , one must admit, according to proposition 2.3.1, that 

> 

d{MP) is given by the differential of P whose components Dx^ are: 

Dx' = dx' + du^ + x^ du" - k gik du'' with keR . 

The metric gik is locally hyperbolic and the curvature of r(r(G^"^(F+)) is locally 
negative or equal to —k . 

The norm MP is not conserved under (hou) . 
Thus, in (*), we have that: 

a) lA-'*! < 1 . 

b) Ml (resp. ur) is a. hyperbolic automorphism which is contracting. 

c) the subsets of r(T(G^]^(F+))) are stable and characterized by a hyperbolic ge- 
ometry. 

3) if ||-/W'P|| < ||/i((i(MP))|| , the components Dx^ of dP are given by: 

Dx^ = dx^ + dv} + x^ Tl^ dvl" + k gik du*' . 

The metric gik is localy spherical and the curvature of r(T'(G^"^(F+))) is locally 
positive or equal to -\-k . 
Then, in (*), we have that: 

a) lA^'^l > 1 . 

h) ui (resp. ) is a "spherical" automorphism which is expanding. 

c) the subsets of r(T(G^]j(P+))) are locally unstable and characterized by a spher- 
ical geometry. ■ 
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3.2.8 Proposition: Singular hyperbolic attractor 

Let (pjglcuL) (resp. ) be a singular germ (of corank 1 and codimension s ) on 

the n-dimensional real-valued differentiable function i^J^^) ^ r'(T(G^^(F+))) (resp. 

0S^Kf)er(T(4")(F/)));. 

The neighbourhood Dj^tai^i (resp. I?j,tan ) of the singular germ (pj^iuji) (resp. (pj^iuju) ) 
on (fo^^ ix^^^) (resp. 4>ct^ {^''l^^) ) is a singular hyperbolic attractor Ajf^^ (resp. AV^^ ) 
with respect to DiffL(r(G'J'^(F+))) (resp. DifrR(T(G'S^^(F+))) ) provided that: 

1) the orbits of Kl^^ (resp. A^^^ ; are one- dimensional functions fj^^.^ji^^ (resp. //j^tan ) 
having a rank r j^'!rp^j^ = r^^.r^j^^ — a . N and form the basin of attraction of Ajf^^ 
(resp. A^AN 

2) the singularity is a non-wandering point. 

3) the basin of attraction of A^^^ (resp. A^^ ) is a stable subset E'^W'l-ta^) (f^sp. 
^'(/Stan) ) ofT{T{G^;^\F+))) (resp. T{T{G^^\f+))) ) characterized by a hyperbolic 
geometry. 



Proof. 

1) According to section 3.2.5, the orbits on the neighbourhood D^tan (resp. D^tan ) 

of the singularity (^jg^ui) (resp. (pj^^un) ) are one-dimensional subfunctions /^jtan 
(resp. /]^^xAN ) of /l'^tan (I'esp. /^^.^an )• Consequently, they constitute the basin of 
attraction of the singular hyperbohc attractor Aj^^ (resp. A^j"^^ ). 

2) Let [/^TAN C A^^^ (resp. U^tan C Ajf^^ ) be a neighbourhood of the singularity 
included into the singular hyperbolic attractor A^^^ (resp. A^^^ ). 

Then, the singularity is a non wandering point if we have, according to section 3.2.6: 

/2TAN(%AN)n[/<^TAN^0 
(resp. /5TAN(t^<^TAN)n[/^TAN^0). 

3) If was proved in proposition 2.3.1 that the geometry is hyperbolic in the neighbour- 
hood of the singularity. Consequently, the basin of attraction of the singular hyper- 
bolic attractor is a stable subset -^^(/^^'tan) (r^sp. -^^(/i^^TAN) ) characterized by a 
hyperbolic geometry whose points are contracting under the linear automorphism ul 
(resp. un ) of r(T(Gi")(^+))) (resp. r(T(G^')(^+))) ). 
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3.2.9 The introduction of unfolded attractors 

• Let the singular germ (pj^ (ujl) (resp. (pj^ {cur) ) of corank 1 and codimension s be given 
by Vl = (resp. vr = ). 

• Its versal deformation corresponds to the development: 

F{ujL,aij{xL)) = ujI^^ + S aij^{xL) uj] 

i=l ^ 

(resp. F{u;r, aij{xR)) = u;'+^ + E aij^{xR) ) 

1=1 ^ 

where: 



— a 



^36 



[xl) (resp. ajj^(xij) ) is a (n— l)-dimensional real valued differentiable function 
defined on the neighbourhood D^tan (resp. D^tan ) of the singularity yL = ciJ^^^ 

(resp. yn = u'^j^'^ ) on the n-dimensional differentiable function <Pg^^ i-^J^^) (resp. 



'^os^ ^ 9js 



Uj^^ (resp. Uj^^ ) is a divisor, generator of the versal unfolding of yi = ^^^"^ 
(resp. yR — u^'^ ). It is localized on Dj,tan (resp. L>j,tan ) and projected on 

aijg{xL) (resp. aij^{xR) ) according to proposition 2.2.8. 



The set U O'ijsi^L) (resp. U aijgiyXR) ) of functions on -D<*tan (resp. Dj^taj^ ) can 

i=l i=l ^ ""^il^ ^ "^G.-^^ 

be partitioned into the one-dimensional functions /^^xan (resp. /^^xan )' which are 
perturbed orbits of Difri(T(G'^"^(F+))) (resp. m^R(T{G^^\F+))) ) (see proposition 
3.2.8). 

s . s . 

As the set U a;*- (resp. U a;*- ) of generators of the versal unfolding of the singular- 

i=l -I^L i=l -ISr ' ° 

ity yL — <^L^^ (resp. yR — uj^^'^ ) is localized on D^tan (resp. D^tan ), it constitutes 



the basin of an unfolded attractor A™j^ (resp. A™j^ ): 

a) centred on the singularity yi = (resp. y^ = uj^j^'^ ); 

b) having as orbits the generators a;*- (resp. a;*- ), I < i < s , which can be 
rewritten according to: 



=/L;TANK m) (^esp. = /fl^TAN m ) ) 

" "r 

where: 

- f L-TAN (resp. /r-tan ) is orbital generator with respect to DiffL(c 
(resp. BiSRiuiJ ); 

— cUj (resp. cUj ) is a point of an irreducible completion oicuj^^ (resp. o;]^^ ). 
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3.2.10 Proposition 

Let Ajf^^ (resp. Aj^^ ) be a singular hyperbolic attractor centred on a singular germ 
<f>js{^L) (resp. (f)j^{ujR) ) of corank 1 and codimension s. 

Then, the versal unfolding of the germ (f)j^{ujL) (resp. (f)j^{ujR) ) involves the map: 

YD,, : ^ ^TAN yj^^^ . ^TAN ^ ^TAN ) 

of the singular hyperbolic attractor Ajf^^ (resp. ) into the singular strange attractor 

aTAn _ aTAn aTAn / atan _ atan a tan n 

^\trL — ^^L ^ -'^un/i (resp. A^^^^ — X ) 

where A^^^ (resp. ^nfn ) unfolded attractor introduced in section 3.2.9. 

Proof. As the versal unfolding of the germ (resp. (f)jg{ujR) ), given by = 



uY' (resp. yR — uj^^ ), leads to the projection of s divisors o;]^^ (resp. o;]^^ ) on 
the neighbourhood Dj,tan (resp. Dj,tan ) of the singularity and as these divisors a;] 

(resp. uj^j^ ) can be rewritten according to fi-TAt^i^j (i)) (resp. //j^TAN(^i (i)) ) (see section 
3.2.9), it is clear that the singular hyperbolic attractor A^^^ (resp. A^^^ ) will undergo 
an unfolding leading to the attractor 

aTAN _ aTAN aTAN / aTAN _ aTAN aTAN \ 

^^strL — ^^L X -'^un/z, (^resp. YV^^^^ — 1\r X I'^unSn ) 

which is a strange attractor. 

Indeed, according to proposition 2.3.7, the strata of the neighbourhood of the singular- 
ity perturbed by the versal deformation are characterized by a spherical geometry. These 

strata are the generators (or the orbits) fj^-TANi'^j (i)) (resp. fu-TANi^j (i)) ) ^^e ver- 

sal deformation projected on the orbits /^^tan (resp. /r^tan ) ^^e singular hyperbolic 



attractor Ajf^^ (resp. A^ 



TAN \ 
R ) ■ 

Consequently, these strata are given by the functions: 



fstr _ f'^is\'^js f^^js ('rp^n P^'^ _ f ■<* ' W ^ f ^« ^ 

iL;TAN — Jl,;TAN ^ JL;TAN l^iesp. JRjTAN " JRjTAN ^ JR;TAN I 

where /^^xan (resp. /^'^xan ) is a one-dimensional subfunction of /^^xan (resp. /^^tan ) 
characterized by a rank r „ |„i —b.N inferior to the rank r j^jg = a.N oi /^^tan (resp. 

f JL:TAN ' 

JL;TAN 

fii-TAN ) with b < a , b E IN (see proposition 3.2.8). 

These strata /£;tan (resp. /r*tan ) belong to the basin of the singular strange attractor 
^Ju^L (resp. Aj^^ ) in such a way that: 
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^) /l;TAn ^ ^Jf^^ (resp. /^.tan ^ -^S^'^ ); 

/lJtAN ^ -'^Mn/l (resp. I'r.taN ^ ^«n/^ )• 

These strata /£*xan (resp. /^*.xan ) ^^e characterized by a spherical geometry since 
their points are expanding under the automorphism ul (resp. Ur )■ Consequently, these 
strata /£*tan (resp. /r*tan ) constitue unstable subsets -E"(/£*tan) (resp. E^ifn^AN) ) 
r(r(GW(F+))) (resp. T{T{G'^^\Fm )• ' ' ■ 

3.2.11 Proposition 

The simplest singular strange attractor Aj^^ (resp. Aj^^ ) is composed of: 

1) a(n) (unfolded) singularity ul — <^l^^ (resp. tjr = to^j^'^ ); 

2) a stable subset E^{f^j^.rj.^^^) (resp. -E*(/]j%an ) ) characterized by a hyperbolic geome- 
try; 

3) unstable subsets E'^iyfj^J^m) (resp. -E"(/|.*.tan) ) characterized by a spherical geometry. 
Proof. 

1) Let the unstable subsets E'^{fl^Jj.j^^) (resp. -E"(/r*tan) ) be given by the functions 
/l;TAn (resp. /r*tan ) according to proposition 3.2.10. 

Then, the stable subset -E'*(/^"tan'') (resp. E^{f^^^^^) ) characterized by a hyperbolic 
geometry, is: 

^ UL;TAN ) — ^ \JL;TAN) JL;TAN 

(resp. -E'*(/r.tAN ) — -^^(/r-TAn) ~ ^ /il;TAN ) 

' ' 1=1 ' 

where: 

• -E'^(/l^tan) (resp. -^'''(/r'Jtan) ) basin of attraction of the singular hyperbolic 
attractor Ajf^^ (resp. A^"^^ ) given by the orbits /^^xan (resp. /^^tan ) having a 
rank r — a . N according to proposition 3.2.8. 

JL;TAN 

• /l;TAn (resp. fn-TA^ ) is a subfunction of /^.tan (resp. fn-^AN ) which the 
generator a;* (resp. a;] ) has been projected according to proposition 3.2.10. 



2) The concept of singular attractor was introduced in [Pie3] and the notion of singular 
strange attractor was developed in [Pie3] and independently in [P-R] . 
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The fact that Aj^^ (resp. A^'^^ ) is a strange attractor corresponds to its description 
by H. Schuster [Sch]: 

"A strange attractor arises typically when the flow contracts the volume 
element in some directions, but stretches it along others. To remain confined 
to a bounded domain, the volume element is folded at the same time" . 

An excellent literature on strange attractors can also be found in [Ruel], [Rue2]; 
[Mil2], [M-P], [E-R] and [Wil]. ■ 



3.2.12 Structure of a general singular strange attractor 
According to proposition 3.2.10, a singular strange attractor is defined by: 

aTAN _ aTAN aTAN / A TAN _ aTAN aTAN n 

^^stTL ~ ^^L ^ ^KnfL l^resp. ^^strR — ^^R ^ ^^unfa ) 

where the unfolded attractor A^^^ (resp. A^^j^ ) has as orbits the generators o;]^ (resp. 

), 1 < « < s , of the versal deformation of the singularity Ul — (^l^^ (resp. yu — u^^^ ) 
localized on the singular hyperbolic attractor A^^'^ (resp. A^"^^ ) . 

But, these generators u) (resp. cu] ) can carry singularities for i > 2 according to 
proposition 2.2.8 and section 3.1.21. As a result, a generator cu*^^ (resp. a;]^ ) carrying 
a singularity is a singular hyperbohc attractor, noted A^f^ (resp. A|^f^ ), according to 

proposition 3.2.8. 

Consequently, the unfolded attractor can be rewritten as follows: 



ATAN _ , I ATAN / A TAN _ , , A TAN 

A«n/,-.U A,,^^ (resp. A„„^^ - .U A^,^^ 

where: 

• A^f ^ (resp. A'^f'^ ) is a singular hyperbolic attractor for i >2 . 

• A^^^ (resp. A^f ) is a divisor. 



And, a general singular strange attractor can be decomposed according to: 
A^tr = Ar^ X f U A^ ^ (resp. A^^^^ = A^ x f .U A^^A ). 
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3.2.13 Proposition 



Let SOT^^ = (ry^ .^ o tt™^) (resp. SOT]^^ = (ry^, o tt^;^^) ; c/enote the maximal 



3S 



spreading-out isomorphism pulling out completely the generators Uj^^ (resp. ujj^^ ) of the 
versal deformation of the singularity yi — uj^"^ (resp. yu — uj^'^ ) from its neighbourhood 

D±TAN 



<f>n. 



(resp. D^TAN ). 



Then, the maximal spreading-out isomorphism 



A 



TAN 

StTL 



A' 



TAN , 



U A' 



1=1 



TAN 



^6, 



(resp. SOT, 



35,: 



A TAN 



A^AN, 



.U A^AN ) 



decomposes the general singular strange attractor A^/^^ (resp. A^^n ^ j,;^^^ j-f^^ original 
singular hyperbolic attractor AJ^n ^j-gg^, A^^^n ^ ^^^^ ^^^^ ^ (^g _ disconnected 

singular hyperbolic attractors and a disconnected divisor. 



Proof. The SOTf!^^ (resp. SOT^^ ) spreading-out isomorphism corresponds to an 



(n) 



extension of the quotient algebra of the versal deformation of the singular semisheaf 9 
(resp. ^*(„) ) developed in corollary 3.1.17 and restricted to the {js,mjg) conjugacy class 

representative of G^I''\f.^) (resp. G^^\f^) ). 

As the unfolded attractor A^^n^ (resp. A^^n^ ) is the union of hyperbolic attractors 
y^TAN (•j.ggp A^f"^ ) and of a divisor, which are the generators o;*^ (resp. o;]^ ) of the versal 

deformation of the singularity yL = tUj^'^ (resp. yn = u^j^'^ ), the maximal spreading-out 
isomorphism SOTf^^^ (resp. SOTf^^^ ) is the inverse map 

SOTJ^^^ = {VD^,)-^ (resp. SOTJ^^ = (^^^aJ"^ ) 

of the versal unfolding 

VD,,: A^^ .A^tf (resp. VD^,: A^ >^Tr) 

introduced in proposition 3.2.10. 

Consequently, SOT^^ (resp. SOTf^^ ) blows up the general singular strange attractor 
A JAN (^pggp AJAN ^ jj^-j-Q ^Yie original singular hyperbohc attractor A^an (^^ggp A^an 
(s — 1) disconnected singular hyperbohc attractors A|^an (^].ggp A^an )^ ^ > 2 , and a 
divisor A^an ^^ggp A^an corresponding to the generators of the versal deformation. ■ 
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3.2.14 Corollary 

Let VD\^ (resp. VD\j^ ) denote the versal deformation transforming a hyperbolic singular 
attractor Ajf^^ (resp. A.'^^ ) into a general singular strange attractor Aj^^ (resp. Aj^^ ). 

Let SOTj^^ (resp. SOT^^ ) he the maximal spreading-out isomorphism blowing up 
the general singular strange attractor. 

Then, the following composition of maps: 



(resp. SOT^'^'^oVDa^ 



A TAN A TAN 



i=l isr 



A TAN ^^'^R^ A TAN A TAN 



U A 



TAN 



is such that 



SOT^ = {VD^^) 



-1 



(resp. SOT-^^(VDa,)-'). 



Proof. This is a consequence of proposition 3.2.13 and of the generation of the versal 
deformation given in proposition 2.2.8. 

Note that the paper of [B-L-M-P] introduces the explosion of singular cycles, phe- 
nomenon closed to the blowing up of strange attractors considered here and in [Pie3]. 
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4 Langlands global correspondences affected by de- 
generate singularities 

The aim of this chapter consists in showing in what extent it is possible to develop global 
correspondences of Langlands for a (bisemi) sheaf of rings on the real bilinear algebraic 
semigroup affected by degenerate singularities in the sense of chapters 2 and 3. 



4.1 The transformation of the bisemisheaf of rings O^n) X O^in) on 
the real bilinear algebraic semigroup G^'^\F^ X -F^) under 
degenerate singularities 

First, it will be recalled what is the n-dimensional real irreducible global correspon- 
dence of Langlands as developed in [Piel]: it consists in a bijection between the n- 
dimensional irreducible representation IrrRep!^'' (Wp+ ^ product, right by 

left, of Weil groups and the irreducible cuspidal representation of G'^"'\F-^ x F+) given by 
Irr ELLIP(GL„(A p+,T x A p,+,T)) . These concepts will thus be reviewed, and, among 
others, the definition of global Weil groups. 

4.1.1 Global Weil groups 

Let Gal(F+ (resp. Gal(F^+ ) denote the Galois subgroup of the extension F+ 

(resp. ) in one-to-one correspondence with the peudo-ramified completion (resp. 
F^. ) having a rank given by: 

(resp. [F+ :F0] = *+J5.7V). 

Jo 



And, let Gal(F^. (resp. Gal(F^. / F^) ) be the Galois subgroup of the peudo- 

ramified extension F^. (resp. F^. ) characterized by a degree: 



•^35 ^ "JS 



[fI^ : F°] ^js.N (resp. [fI^ : F'] ^ js . N ) 



(see section 1.1). 

Then, according to [Piel] , the global Weil group W"^+ (resp. ) is given by: 
Wf+ = © ® Gal(F^. /F°) (resp. = ® © Gal(F^. ) 
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and, its product, right by left, is: 

W^X X = e e Gal(F^. X Gal(F^. . 

The n-dimensional irreducible representation of the product, right by left, 1^"+ x 1^"+ 
of global Weil groups is given by: 

Irr ^ {Wf^ x Wf^) = G^^\F^^ x F+ ) 

according to [Piel] (proposition 3.4.3). 

4.1.2 Cuspidal representation of GL„(F^ x F+) 

Let G^'^\F^''^ X F^''^) be the reductive bilinear algebraic semigroup ^("^(F^ X F+) sub- 
mitted to the toroidal compactification 7^xL developed in section 3.4 of [Piel]. 

Its conjugacy class representatives grl^^lis^mj^] = gT^[js,'mjg] x gT^[j5,mjg] are prod- 
ucts, right by left, of n-dimensional real semitori T^[js,mjg] x T£[js,mj^] . 

Each complex- valued bifunction (f)^^!l{XgT ) ® (f)^^l{XgT ) on the conjugacy class repre- 

sentative ^g^^bs,^^.] e G'('^)(F+'^ x F^) is given by: 
where: 

n 

• \{n, js-rrij^) = n Xcin, j^,mj^) is a product of eigenvalues \c{n, js,mjg) of the j^- 

c=l 

th coset representative {Uj^^ x t/j,,^) of the product {TR{n]t) ® TL{n;t)) of Hecke 
operators; 

• ~x — Xc ~e c is a vector of (F+ )" and, more precisely, a point of gi^\2&i ^j^] ■ 

C=l ^'5 

The sum of all bifunctions on the conjugacy class representatives of G^") {F^'^ x -P"/'^) 

is: 




= ® © (A^ (n, j5, m,J ® A^ (n, j^, e^-^'^^) 

= ELLIPij(n, ji, m^J (g) ELLIPL(n, j^, m^J 
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where 

ELLIP R^L{n,js,mj^) = ELLIPij(n, j^, m^J (g) ELLIPL(n, j^, m^J 

constitutes the n-dimensional irreducible elliptic (and cuspidal) representation 
IrrELLIP(GL„(A^+,TxA^+,T)) of GL„(F+'^xF+'^) , where A^+,t and A^+.t^ are toroidal 
adele semirings according to section 1.1. 

4.1.3 The n-dimensional real irreducible global correspondence of Langlands 

The global correspondence considered here is thus given by: 

IrrRepi;^^^ {W;\ x W^\) > Irr ELLIP«xl(GL„(A^_+,t x A^+,tJ 

G^^\F^^^ X F+f) . ELLIP^xL(n, j5,m,-J 

where: 

• IrrRepf;^^^ {Wf+ x Wf+) is the sum of the products, right by left, of the cquiva- 

lence classes of the irreducible n-dimensional Weil-Delignc representation of the bi- 
linear global Weil group (W^^+ x W^^+) given by the algebraic bilinear real semigroup 

G(")(F+ X F+)) ; 

• Irr ELLIPijxL(GL„(A p+,T x K p+.t) is the sum of the products, right by left, of the 
equivalence classes of the irreducible elliptic representation of GL„(F^'^ x F^''^)) 
given by the n-dimensional global elliptic bisemimodule ELLlPRxL{n, jsjirijg) . 

4.1.4 The singularization of the bisemisheaf on G'^'^^F^ x -Fj") 

As we are concerned with the problem of (degenerate) singularities in the global pro- 
gram of Langlands, we shall take into account the set of real-valued differentiable bi- 
functions {xg^^ )^4'Gj i'^Sis )} ^^^^ corresponding conjugacy class representatives 
{S'lTxib'S' "^js]} bihnear real algebraic semigroup G^'^\F^ x F+) , as mentioned in 

section 1.6. And, more precisely, we shall work with the bisemisheaf of rings 9^(n) — 

0^(71) <S>0^in) , whose (bi) sections are the differentiable bifunctions ^[^^^ (xg^.^ )®4'^g] i'^9js ) 
(see section 1.7). 

Let 9^(n) (resp. 9^(r,) ) be the semisheaf of left (resp. right) differentiable functions 

L Ft 

^Gj i'-^OiL^ (resp. (f)Q^ (^93ii) ^^'^^i^t^^ ^ condensed form according to 0j^(xi) (resp. 

<l>j6{^R) )■ 
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The singularization of 9„(n) (resp. 0^(n) ) is given by the contracting surjective morphism 
(see section 2.1): 

where 9* („, (resp. ^* („) ) denotes the left (resp. right) singular semisheaf whose sections 
<P*^{xl) (resp. 0*^(a;ij) ) are endowed with germs ^^^(cul) (resp. (pj^luuR) ) having degenerate 
singularities of corank 1 . 

The corresponding singular bisemisheaf is {6* („) ® 6* („) ) degenerate from {9„(n) <8) 0„(n) ) 

'^R 

under the contracting surjective morphism: 

PGr X PGl ■ ^G^^) ^ ^G*;"' ^G^j") ^ ^Gi") ■ 



4.1.5 The versal deformation of the singuleir bisemisheaf (0*(„) X 
Let 

: O^^in) X > d^in) (resp. : ^^(n) X ^ ^^(n) ) 

L L R R 

be the versal deformation of the singular semisheaf 9* („) (resp. 9* („, ) . It is a con- 

tracting fibre bundle whose fibre 9sj^ — {9^{u;Y),--- , ^^(o;]^), • • • ,9^{u;l)} (resp. = 
{^^(o;^), • • • , ^■'^(a;)^), • • • , ^^(c<;^)} ) is the family of (semi)sheaves of the left (resp. right) 
base Sl (resp. Sr ) of the versal deformation. 

As developed in section 2.1, the versal deformation of a degenerate singularity of corank 
1 and codimension s on a section (p* (xl) (resp. (p* (xr) ) of 9* („) (resp. 9* („) ) is yielded by 

'^L '^R 

a sequence of s contracting morphisms extending the corresponding sequence of contracting 
surjective morphisms of singularization. 



Gr - ^ ^ G^ 



max\ 



4.1.6 The spreading-out isomorphism 

It consists in a blow-up of the versal deformation x (resp. ^^(„) x ) of the 
singular semisheaf ^* („) (resp. 6** („) ). 

This blow-up is maximal if the spreading-out isomorphism SOT™^ — {tv^^ o tt 
(resp. SOT^'^^ = (tv„^ ° '^Tr'^) ) is the inverse of the versal deformation: 

SOTr^ = {Ds,)-' {resp.SOT^^ = (D^J"^ ). 

It is then given by the map: 

SOT^"""^ : ^^(^) X 9s^ > 9*^(^) ^9s^ 

(resp. ^OT-- : 9* ,^, x 9sr > 9* ,^, U 9sr ) 

'^R '^R 
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projecting the family of sheaves of the left (resp. right) base Sl (resp. Sr ) of the versal 
deformation in the vertical tangent space Ty^^ (resp. Ty^^ ) (see proposition 3.1.16 and 
corollary 3.1.17). 

Let 6*sot{i)l (^^^P- ^*sot(i)r ) ^'^^ family 6s^ (resp. 6*5^ ) of disconnected base 
semisheaves having been glued together according to section 3.1.20: 

The semisheaf 0*gQrp^^^^ ~ Os^^ (resp. ()*soT{i)n — ^Sr ) covers partially the singular 
semisheaf (resp. ) but can be affected by singularities in its sections. . . which 

can also undergo a versal deformation. 

For the simplicity, we shall consider that we are only confronted with the singular 
semisheaf 6'^(„) (resp. 6*^^„^ ) and its first cover ^5or(i)i (I'esp. O^qj^^^^.^^ ), having possible 
singularities. 

4.1.7 Contracting morphisms of singularization 

The bisemisheaf 9„(n) x 6'„(n) , being defined on the bilinear algebraic semigroup G''^"^(F^ x 

^R 

F+) , constitutes an n-dimensional irreducible real representation IrrRepll^^ (M^p+ x 

Wf+) of the bihnear global Weil group. 

The fact of considering contracting morphisms of singularization leads to the transfor- 
mation of 6„(n) x 9„{n) into: 

'^R 



9„(„) X 9^(n) ^ 9* (ri) X 9* (r 

^R <^R 



where: 

• PCfl X 'Pq^ is the contracting morphism of singularization; 

• Dsfj^ X Dsj^ is the contracting morphism of versal deformation; 

• SOT^^ X SOTf^'^^ is the (contracting) blow-up of the versal deformation. 



But, the bisemishcaves (^^(n) ® ^^^{n)) and (^^5Q7-(i)^ ® ^5or(i)i) ' being affected by 
singularities, cannot be endowed with a cuspidal representation. 
To reach this objective, it is necessary to: 

1) desingularize these bisemisheaves; 

2) submit them to a toroidal compactification. 
This is the aim of the next section. 
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4.2 Langlands global correspondences despite of degenerate sin- 
gularities 

4.2.1 Desingularizing the bisemisheaf (0* („) <S) ^*(r,)) 

The desingularization of the semisheaf 9* („) (resp. 9* („) ) corresponds to the classi- 
cal monoidal transformations apphed to the singularities on the sections (f)j^{xL) (resp. 
r,,{xR))of9U„, (resp. 9\^, ). 

A desingularization of 4>*^{xl) (resp. (f)*^{xR) ) is described succinctly in proposition 
2.1.3 and corresponds to the inverse morphism of a singularization developed in section 
2.1. 

More concretely, if wc want to dcsingularize a germ (j)jg{ujL) (resp. (j)j^{uj^ ) on ^^^(a^L) 
(resp. 0j^(a^i?) ), given by the degenerate singularity yi = t^l^^ (resp. yn = co'^'^ ) of 
corank 1 and codimensions s , we have to consider the following sequence of expanding 
morphisms: 

_(-l)(s+2) 

_(desing) . Pl ^ ^ jj{s+l) Pl ^ ^ ^ _ _ _ 



(resp. pg^^'-^^^ > U L'S,^+') > c^le U L>| 



where: 

1) the expanding morphism of desingularization 

: <^ . ^iUDsi (resp. f^'^^'"'^^ : <^ . uj%UDsr 

is a projective morphism, disconnecting the divisor D£ (resp. D|j ) from the singular 
sublocus 

Sr^=<^ (resp. e(,^+^)=<M- 

2) pf^^"^^ 0*,(^l) . 0,,(a;.)U(i)r^4^---,4'^) 

(resp. pg--): 0*,(x«) . 0,,(x«) U (4^+^ i^g^\ • • • , ) 
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is the desingularization of = cu^^'^ (resp. yji = tu^j^"^ ) on (pj^^xi) (resp. 0*^(2;^) ) 
disconnecting (by projection) the set of divisors {D^^~^^\ D^^\ ■ ■ ■ , D^p) (resp. {D^^'^^\ 
D^^\ ■ ■ ■ , -D^'*) ) which generate a real projective subscheme of dimension (s — 1) . 
As a result, (^^^{xl) (resp. 4>j^{xji) ) becomes a smooth section of 9^(n) (resp. O^in) ). 

3) the expanding morphism of desingularization p^^^™^) (resp. p^^^™^) ) is an isomor- 
phism outside the singular locus E^, = lo^j^'^ (resp. — u^^'^ ) according to: 

(resp. pj^"^^'' : ^^.(xij) \ (Er) . ^^.(a^ij) \ {f-R^\T.R)) ). 

This desingularization process is exactly the inverse of the singularization developed in 
proposition 2.1.10. 

The desingularization or resolution of singularities on all the sections 0*^(xl) (resp. 
^*j5 (a^fl) ) of the singular semisheaf 9* („) (resp. 9* („) ) is given by the set of expanding 
morphisms: 

-gesing) . ^^^^^ ^ ^^^^^ ^^^^^ p^^""^^ : ^^(^„) > 9^(„) ) 

in such a way that: 

—(desing) 1 / _(desing) 1 \ 

Pg^ -Pg^ (resp. Ph^ -PGn) 

where p^^ (resp. Pq^ ) denotes the set of contracting morphisms of singularization of 9^(n) 
(resp. 9^(n) ). 

And, the resolution of singularities of the singular semisheaf 9*^^^^ ® is given by: 

-gesing) ^ _gesing) . ^^^^^ ^ ^^^^^ ^ ^^^^^ ^ ^^^^^ _ 



4.2.2 Resolution of singularities of the covering bisemisheaf ^sot(i)h®^sot(i)i 



As the sections of the semisheaf (resp. 9*^^„-^ ) are endowed with singularities of corank 
1 and codimension s , the semisheaf ^50T(i)i (resp. 9*gQj,^^-^^ ) (being the family of " s " 
base semisheaves of the versal deformation having been glued together) can be affected 
on its sections by singularities of corank 1 and maximal codimensions equal to (s — 2) 
according to section 3.1 and proposition 2.2.8. 

So, a resolution of singularities of this covering bisemisheaf ^5or(i)H ® ^*sot{i)l ^ri^st be 
envisaged as it was done for the bisemisheaf 9* („) ® 9* („) . 
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The resolution of singularities of Q*sot{i)ji®^*sot{i)i^ ^i^^ then be given by the morphism: 

(dcsing) (dcsing) . o* i<r>, Q* n xy, /) 

where 9sot{i)ii ® dsoTii)^ denotes the free corresponding bisemisheaf. 
4.2.3 Global holomorphic representation of 0„(n) 

As the bisemisheaf ^^(n) <S> O^^n) was desingularized from its corresponding singular equiv- 
alent 6'^(„) , a n-dimensional irreducible global holomorphic representation can be 
worked out for it, as it was developed in section 3.1 of [Piel]. We shall recall it briefly. 

The sections of the semisheaf 9^(n) (resp. 9„(n) ) are the complex- valued differentiable 
functions (resp. cofunctions) : 

(resp. 4,,m,-,(^*^') : gL^Us^mj^] > F^. ) 

on the conjugacy class representatives g^L\js,n^js] (resp. QR^jsjiTij^] ) of G(")(F+) (resp. 
G(")(FJ") ) on which 9^(r,) (resp. 6'g(„) ) is defined. 

z^^ (resp. z*^^ ) are the coordinate functions on gi^\js,'mjg] (resp. gR^js^rrijg] ) with 
respect to the charts: 

C35,mj^ ■ gt^ [js^ i^h] ' gt^ b> ^j] 

(resp. c* z*^' : gt^\j5,mj^] > gR\j.rnj\) 



where g^i\j-,'mj\ (resp. g^^^ljiTUj] ) are the corresponding complex conjugacy class repre- 
sentatives. 

If the conjugacy class representatives g^l^\js,mj^] (resp. g'liljsi^js] ) are glued to- 
gether, then, a Laurent polynomial corresponding to the mapping: 

Uz) : G(")(F+) . (resp. h{z*) : G^^\F+) . F^) 

is given, on ^^(F+J (resp. G'W(F+ ) ) , by: 

r 

fv{z) = E E Cj^,mj, z^' , I < js <r < oo 

js=l 



(resp. fjj{z*) = E E c* z 
where: F+ = © © F+ (resp. F^ = ® © 
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Note that the Laurent polynomial ft]{z) (resp. fv{z*) ) is the sum of the Laurent 
monomials (resp. fvj^{z*^') ) on g'['^\js,mj^] (resp. gR\j5,mj^] ): 

Mz) = E E (z^^) (resp. Mz*) = E E h,,,^ (z*^') ). 

So, on G^''\F+J (resp. G^'^H^i) )> ^^e function /^(z) (resp. f^{z*) ), defined in a 
neighbourhood of a point zq (resp. ) of C " , is holomorphic at zo (resp. Zq ) if we have 
the multiple power series development: 

00 

fv{z) = E E Cjg,mj, {Zl - ZoiY^ ■■■ {Zn- ZQnY^ 

00 

(resp. Mz*) = E E c* {zl - z*,y^ • • • « - ^on)'^ ) 

where: 

• Zi,Zoi, - • ■ ,Zn, Zon are complex functions of one real variable; 

• Zi : F+ > F^i 

• Cj^^mj^ (resp. c*^ ) is in one-to-one correspondence with the product of the square 
roots of the eigenvalues of the {js,mjg)-th coset representative Uj^^m.^ x Uj^^^jg of 
the product Tji{n; t) Ti(n; t) of the Hecke operators. 

And, the global holomorphic representation Irr hol'^"-' (0^(n) ® 9„(n) ) of the bisemisheaf 



® O^in) is given by the morphism: 



Irrhot^ : 6* w O 6* („) > fv{z*) ® fv{z) 

where fv{z*) ® fv{z) is the holomorphic bifunction obtained by gluing together and adding 



the bisections of the bisemisheaf Omti) ® 



(n) 



4.2.4 Holomorphic representation of the covering bisemisheaf 

The singularities of the covering bisemisheaf 0*sot{\)r ® ^*sot{i)l l^^ving been resolved, the 
free bisemisheaf OsoT{i)n ^50T(i)i can be endowed with a holomorphic representation as 
it was done in section 4.2.3 for 9„(n) <S> ^^(n) . 

Let i/50T(i)ib5(cov)'^J^(eov)] (^®^P- f50T(i)Hb5(cov),rnj,(eov)] ) denote the conjugacy class 
representative of the algebraic semigroup G'("^(F+^^) (resp. G^'^\F-^^^) ) covering G^'^\F^) 
(resp. G^"^ (F^) ) where F^^^ denotes the set of covering completions in such a way that 
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the completions ^ are characterized by ranks rj^ ^ = js^„^ • N inferior or equal 

■'^(cov)' ■'<5cov ^^^^ 

to corresponding ranks rj, = js • N of ' ■^''^(cov) ^ 3s ■ 

The sections of the semisheaf Osot{i)i^ (resp. 0*sot{i)ii ) complex-valued differ- 

entiable functions (resp. cofunctions) : 

Jsi^^,a\ . „(") r„-. ™ 1 ^ p 



*(cov) 



(resp. /^^.^^^^^ (/^Vv)): ^^"^^^^^ b W) ' ^ ^ ^^%ov) ) 



If the conjugacy class representatives c/sor(i)i b'^cccv) > \ (i"esp- y50T(i)« b'^feov) ' \ ) 
are glued together, then the Laurent polynomial 

T 

fv (-2cov) = S E c,, m z^W) 1 < 7a, , < r < oo 



r 






E 


E 




'(cov)~-^ 


■'"(cov) 


r 






s 


E 

■'*(cov) 


c* 



can be defined on ) (resp. G'^'^MF^ )) where c,. m is in one-to-one cor- 

respondence with the product of the square roots of the eigenvalues of the (j^^^^^^ , m^^^ ^ )-th 
coset representative of the product of the Hecke operators. 

And, the corresponding holomorphic function (resp. cofunction) will be given by the 
multiple power series development: 

(resp. A_«oJ= E E c* , (^ _ . . . (^ - ^*J^-^(cov) ). 

The global homomorphic representation Irr \^o\^'^\6 soT(i)ii®G sot{i)l) of the covering bisem- 
isheaf OsoT{\)a ® &sot{i)l is given by the morphism: 



4.2.5 Covering n-dimensional representation of Weil groups 

As the covering bisemisheaf 9soT{i)ji <8) Osot{\)l) is defined on the covering algebraic 
bilinear semigroup G^'^MF^, ^ x F+ J, a n-dimensional irreducible real representation 

^ t^(cov) ^(cov) ^ ' 

IrrRepircov^(TF]?|ov x Wfc..) of the bihnear global Weil group {Wfco. x Wfco.) must corre- 
spond to it. 
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The global Weil groups Wpgov and Wpcov may be defined as in section 4.1.1 by: 



■sTrah 
R 



"(cov) ^«(cov) 



yf/ab _ 

VV pcov — 



"(cov) J«(cov) 



^. is the ramified Galois extension corresponding to the completion 

^^(cov) ''"^^(cov) 



where F, 
F+ 

4.2.6 Proposition 

On the bisemisheaf 6^(n.) ® 0^(n) affected by degenerate singularities, the following global 
holomorphic correspondences exist: 

IrrRepJ;^)^ {W^i x W^i) 



Irrhol(")(^g(n) 



fv{z*) fv{z) 



(desing) ^ (desing) 



{^*Q(n) ® d*^(„)) U {Q*SOT{1)r® (^*SOT{1)l) 



(desing) (desing) 



e 



'SOT{1)r ® OsOT{1)l 



IrrRepi;^^^ {Wfco.xWf.o.) 



ab 



rab 
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where: 

1 ) Irr Rep^^ ^ {W'^+ x Wf+) Irr hol^"^ {O^^n) ® 9^in) ) is the global holomorphic corre- 

^RXL R L R L 

spondence on the bisemisheaf 6„{n) ® 0„(n) submitted consecutively to: 

^R '^L 

a) the singularization morphismpQ^ x ; 

b) the versal deformation Dsp, x ; 

c) the blow- up SOT^^^^ x SOTf^^"^ of the versal deformation; 

d) the desingularization 'Pq^^™^'^ x p^^^™^^ . 

{(^soT{i)ii®(^soT{i)i} is the global holomorphic 
correspondence on the covering bisemisheaf 6 sot ^^sotQl generated by the versal 
deformation Dsj^ ^Ds^ followed by the spreading-out isomorphism SOT^^ x SOTf^^ 
of the singular bisemisheaf 0'^{n) <H) ^^(„) • 



Proof. This diagram proceeds from the preceding developments. It then results that the 
blow-up of the versal deformation of the singular bisemisheaf 9* („, <^9* („) generates the cov- 

^R 

ering bisemisheaf 9sot{i)h ® 9sotQl from which a new global holomorphic correspondence 
can be estabhshed. ■ 



4.2.7 Toroidal compact ificat ion 

In order to get a possible automorphic representation of the bisemisheaf 6„(n) (S> O^^in) on 
the bilinear algebraic semigroup G^'^\F^ x and of the covering bisemisheaf OsoTii)^ ® 
9sot{i)l the covering bilinear algebraic semigroup G^^\F^^^^ x F^^^^) , a toroidal com- 
pactification of these bilinear algebraic semigroups G^"'\F^ x F^) and x F^^^^) 

must be realized. 

According to propositions 3.2.2 and 3.2.3, the conjugacy class representatives 
9]L\js,'mjg] e (resp. gP[js,'mjg] e G^"'\F^) ) decompose into (j^)" comple- 

tions of rank N . 

The toroidal compactification of the hnear algebraic semigroup G^^\F^) 
(resp. G'("')(F^) ) can be carried out by considering the horizontal rotational tangent 
bundle (see section 3.2.4): 

(resp. r^(„),^,^ : r(4")(F+'^)) . gJ^(F+'^) ) 
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whose total space T(G^''(F+'^))(resp. T{G^^\f^''^)) )is a projective linear algebraic semi- 
group PG^^\Fy) (resp. PG^iF^'^) ). 

The sections gf^^ljsjiTijg] (resp. gr^ijsi'nT'js] ) of the total space T{G^^\f^''^)) (resp. 
T{G^^\f^''^)) ) are n-dimensional real semitori whose one-dimensional fibres are semi- 
circles obtained by toroidal deformation of the completions of rank . js of g^L\j&^nij^] 
(resp. g'^iiisi^js] ) under the action of the horizontal tangent bundle rg{n)^p+,r^ (resp. 
rgW(^+,T) ). 

Remark that this kind of toroidal compactification is in one-to-one correspondence 
with the toroidal compactification of the conjugacy class representatives (y'^"'*[j5, rrij^] (resp. 
d^R^lisi^js] ) given in terms of the projective emergent isomorphism 7£ (resp. 7^ ) intro- 
duced in sections 3.2 and 3.3 of [Piel]. 

The toroical compactification of the covering algebraic semigroup G'^''(F+^ ) (resp. 
G^'*(F^^ ) ) can be performed similarly, i.e. by considering the horizontal rotational 
tangent bundle: 

(resp. T„,., : T(G'-^(F}Z)] . Gt\F-:Z) ) 

ti ^ ^COV ' 

in such a way that: 

1) the total space of r„(n).p+,Tx (resp. r„(n).„+,T-, ) is given byT(Gl"'*(F+'-^)) (resp. 
T{G^r\KD) ) ■ 

2) the sections of the total space T{Gf\F+^^)) (resp. T{gP{F+^^)) ) covering the 
sections 9x^^5,171^^] (resp. gT^Us^iT^js] ) ^'^'s not necessarily complete n-dimensional 
real semitori because their one- dimensional fibres are in one-to-one correspondence 
with the completions of G^^\f+^J (resp. G''^\f+^J ) having a rank r^,^^^ = js.^^.N 
inferior or equal to the rank rj^ — js • N of the completions of gi^\jd,n^js] (resp. 
gpUs,'!^^^] ) (see section 4.2.4). 

The bisemisheaf on the toroidal bilinear algebraic semigroup G(")(F+'^xF+'^) will be 
noted (n) ^6 („) and the bisemisheaf on the covering toroidal bilinear algebraic semigroup 

G(")(F;f X wiU be written ^7^) ® . 

4.2.8 Proposition 

Let 

Irrhol(")(^^(„) ® e^(n) : 6^^ ® 6^^ > Mz*) fy(z) 
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be the global holomorphic representation of the bisemisheaf 9^{n) ® ^g(n) given by the holo- 
morphic bifunction fv{z*) ® fv{z) as introduced in section 4-2.3. 

Then, r*°^(Irr hol^"^ ) , denoting the toroidal compactification of the global holomor- 
phic representation of 9^(n) ® 0^(n) , generates the corresponding elliptic representation of 
the bisemisheaf 9„(n) ® 9„(n) according to: 

Irr hol(")(^^(„) ® e^in)) : ® ► fy{z*) ® f,{z) 



T*"IrrhoL 



(n) 

RXL 



Irr ELLIP (6'„(n) (8) 6'„(n)) : 6^(n)®6Mn) -* ELLIPijxL(n, j^, rn^-J 



where: 



ELUP R^L{n, js,mj^) = ELLIPR(n, j^, m^J (g) ELLIPL(n, j^, m 



■35, 



being the global elliptic representation of 9^(n) ® 9^(n) , is the product, right by left, of 

Tr 

n-dimensional real global elliptic semimodules given by: 



ELLIPl= e © A^(n,j5,mjJ e^"^^'^^ 



-2iTij^x 

v") Jd) ""ixy ^ 



with: 



• X — 12 Xc e c a vector of (F i)" ; 

c=l 

n 

• X{n, js,mj^) = n Xc{n, js,mj^) according to section 4- i -2. 

c=l 



Proof. 'ELLW Ry^L{n, js^mjg) is also the n-dimensional irreducible elliptic representation 
IrrELLIPi?xL(GL„(A^+,T x A^+,t)) of GL„(F^''^ x as developed in section 4.1.2. 

In section 4.2.7, the toroidal compactification of the bisemisheaf 9^(n) ® 6^(n) into the 

^R 

bisemisheaf 6„(n) („) was realized. 

It remains to prove that the holomorphic representation of 9 (n) ® (n) , given by 
the holomorphic bifunction fv{z*) ® fv{z) , is in one-to-one correspondence with the global 
elliptic bisemimodule ELLIPi^xLl^T-^j^, ^js) under the toroidal compactification of fv{z*) 
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This is evident, since fv{z) (resp. fv{z*) ) decomposes into: 



r 



js=l mjg 



^36 



(resp. h{z*) = E E c] z*^^ ) , 

according to section 4.2.3, in such a way that: 

• each term Cj^^mj^ (resp. c*^ ^. z*^^ ) is a complex-valued differentiable function on 
the conjugacy class representative gi^\js,fTT'js] (resp. gii\js,fT^js] )'■, 

• the coefficient Cj^^m^^ of fv{z) corresponds to the coefficient X^{n,js,mjg) of 
ELLIPLin, js,mjg) according to sections 4.1.2 and 4.2.3. 

The toroidal deformation of the conjugacy class representatives gL^\js,'mjs] (resp. 
g^^\js,mjg] ) into their toroidal equivalents gT^ijsjfT^js] (resp. gT^[j5,'nT'js] ) is such that 
the one-dimensional fibres of g^j^^jsjinjg] (resp. gR^jSiiTT-jg] ), which are completions of 
rank js . N , arc transformed into semicircles, which are the fibres of gT^[js,tT^js] (resp. 
gT^[j5,'mj^] ) (see section 4.2.7). 

So, the toroidal deformation of gL^^\jd,'mjg] (resp. gR^\jd,'mjs] ) corresponds to the 
mapping: 



rrii 



on the [js,mj^]-th conjugacy class representative of G^'^^F^) , sending Cj^,mjg into the 
n-dimensional real semitorus X^^n, js,mjg) e^'^''^^^ . 

By adding the toroidal deformations on all conjugacy class representatives g^^^\js, n^'js]® 
gi^\js,'nT'js] of G^^\F^ X F+) , we get the searched one-to-one correspondence: 

fv{z*)®fv{z) > ELLIPijxL(ri,i5,mjJ . ■ 

4.2.9 Proposition 

Let 

lrr\ld\S''\esOT{l)a®0sOT{l)i) ■■ OsOT{l)a ^ ^SOTilU > Acov«ov) ® /^cov(^cov) 
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denote the global holomorphic representation of the covering hisemisheaf 6 sot{i)b.®^ sot{i)l 
given by the holomorphic bifunction /ucovl-^cov) ® /i-covl-^cov) introduced in section 4-2.4- 

Then, r*™'(Irr holg"!^^^^^ ) , denoting the toroidal compactification of the global holo- 
morphic representation of {9sot(i)b ®^sot(i)l) > generates the corresponding partial elliptic 
representation of the covering bisemisheaf {Osot{i)tj^ ® dsoT{i)Tj^ ) according to: 



9, 



50T(l)i 



r^^Irrholi"' 



IrrELLIPP^^* ( ^soni)^^ 



9, 



SOT{1)t, 



TSOT(1)r 
® 9sOT{1)l 



/ycovl-^cov) ® /■ycov(-^cov) 



9 



SOT{1)t. 



where: 



ELLIpP"^'^(n, , mj,^^^^^ ) = ELLIpP"'"'(n, , mj,^^^^^ ) ® ELLIPr*(n, , m,,^^^^^ ) 

is the product, right by left, of n-dimensional real partial global elliptic semimodules given 
by: 



ELLIPf (n, js^^^^^ , mj,^^^^^ ) = 



•'"(coy) J«(<.o^) 



\ '■.'O(cov)' JS(cov)' 



•'"(cov) 



i ■ jjcov • a; < TT 



•'"(COV) ^^(cov) 



V 'J"(cov)' J'5(cov) ^ ' 



with: 



X e (Ft r ; 

{cov) 

'^(^) J<5(cov)' )) defined as in section 4 -3.8. 



Proof. This can be proved similarly as it was done in proposition 4.2.8: that is to say that 
the holomorphic representation of {9 sot{i)ii®9 sot{i)l) ? given by the covering holomorphic 
bifunction fvcoviKov) ® /ycovl-^cov) , is in one-to-one correspondence with the global partial 
elliptic bisemimodule ELLIP^^*i(n, j^^^^^j,/^^- ) . 
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The procedure is exactly the same as given in the proof of proposition 4.2.8. The only 
difference lies in the fact that ELLIP^^^*^(n, j,5j^^^j,mj^ ) is a global "partial" elliptic bi- 
semimodule. This results from the fact that, under the toroidal deformation of the conju- 
gacy class representatives covering g^i\j5-, ^js] (resp. g^^\js-, iT^j^] )■, the one-dimensional fi- 
bres covering g^^^ [js, mj^] (resp. (?^*'' [js, rrij^] ) are completions of rank js^^^^^^ -N transformed 
into incomplete semicircles covering the semicircles oi g!p^[js,mjg] (resp. gTilHsif^js] ) hav- 
ing ranks js • N > js^^^^^^ .N. ■ 



4.2.10 Proposition 



On the bisemisheaf O^in) (8) O^in) , affected by degenerate singularities, the following global 
correspondences of Langlands, prolonging the global holomorphic correspondences of propo- 



sition 4-2.6, are: 



Irrhol(")(e„(„)®e„(„)) 



IrrELLIP(6l„(„) ®9 



Mz*) ® fv{z) - 

L 



(^SOT(I)h ® ^SOT(l)i) 



ELLIPflxL(n,jV,mjj) 



(de.ms) (de,i„g) 
''S0T(l)fl'^''S0T(l)i 



/5Jc„v(2cOv) ® /«c„v(«C, 



ELLIPP"\ 



Irr hol(") ((?soT(i)„ 55 ^soTO, ) ► Irr ELLIP^"' (^soTd).^ ® (?sot(i),, ) 
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Proof. This diagram shows how the Langlands global correspondence of section 3.4 of 
[Piel] can be extended by considering degenerate singularities on the sections of the bisem- 
isheaf 9 (n) 9 (n) on the bilinear algebraic semigroup G'^'^\F^ x F^) constituting the 

irreducible n-dimensional Weil-Deligne representation IrrRepll!^'' x Wi.) of the 

"rxl « ^ 

bilinear global Weil group {Wf+ x 1^"+) . 
So, let: 




be the irreducible Langlands global correspondence of section 3.4 of [Piel] apphed to the 
free bisemisheaf 9^(n) ® 9^(n) . 

^R 

The fact of considering: 
1) a singularization (p,^^ x p^^) of 



2) a versal deformation (-D^^ x Ds^) of the singular bisemisheaf ® ^^(„)) ; 

3) a spreading-out {SOT^^ x SOT^^) of the unfolded bisemisheaf {9* („, x9*sj0 {9* („, ® 
^5^) generating the singular bisemisheaf (^*(„) ^*(„)) and the covering singular 

'^R '^L 

bisemisheaf (^50t(i)h ^ ^50t{i)J ; 

4) a desingularization (p[^'^^"^^'* x p^^*^*^'"^-*) of the bisemisheaf (^*(„) ® ^*{„)) and a desin- 

L Gr Gl 

gularization (p^^'^™^'' x p^^*^™^^) of the covering bisemisheaf (^9ot(i)h ® ^50t(i)i,) 
allows to recover the desingularized original bisemisheaf 9„(n,) (S> 9 {n.) , to which the above 

^R 

mentioned Langlands global correspondence can be reformulated, and an additional desin- 
gularized covering bisemisheaf (6'50T(i)H®^50T(i)i) which the following Langlands global 
correspondence can be stated: 

IrrRepl;;^^ {Wfoo.xWfca.) Irr ELLIPP-*(^5or(i)H ® ^50t(i) J 



OsoT{i)a ® ^50T(i)i ELLIPP^^^ (n, j^^^, , mj,^^^^^ ) 

where: 

• IrrRepS;^^^ {W^t. x W^t.) is the sum of products, right by left, of the equivalence 
classes of the irreducible n-dimensional Weil-Dehgne representation of the covering 
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bilinear global Weil group {Wpcov ) given by the covering bisemisheaf Osot(i)r'^ 

Gsot{i)l ; 

• Irr ELLIP(^50T(i)ji ® (^sot(i)l) is the sum of the products, right by left, of the equiv- 
alence classes of the irreducible elliptic representation of the covering bisemisheaf 
(^50T(i)fl. ® ^50T(i)i) , given by the n-dimensional "partial" global elliptic bisemimo- 
dule ELLWj^^^ (n, js^^^^^ , m,,^^^^^ ) . . 



4.2.11 Langlands reducible global correspondences on bisemisheaves over re- 
ducible bilinear algebraic semigroups affected by degenerate singular- 
ities 

The correspondences considered here can be worked out similarly as it was done in chapter 
4 fo [Piel], and, more particularly, in proposition 4.2.14. 

So, on the basis of this proposition 4.2.14 of [Piel], Langlands reducible global corre- 
spondences can be developed as it was done in the diagram of the preceding proposition 
4.2.10 by taking into account that: 

1) To each irreducible representation of a reducible bilinear algebraic semigroup, a dia- 
gram of Langlands global correspondence can be estabhshed as in proposition 4.2.10. 

2) The bisemisheaves on the irreducible representations, decomposing the reducible rep- 
resentations of a bilinear algebraic semigroup, generate each one: 

a) a Langlands global correspondence on the original desingularized bisemisheaf; 

b) a Langlands global correspondence on the covering desingularized bisemisheaf, 
generated from the original bisemisheaf submitted to versal deformation and 
spreading-out morphism. 
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5 Langlands global correspondences over monodromy 

In this chapter, the monodromy [Ebel], [Ebe2], [Gro], [Gri] of (isolated) singularities on the 
(bisemi) sheaf of differentiable (bi) functions on the complex bilinear algebraic semigroup 
G^'^\Fijj X Fj) is analysed and the Langlands global correspondences on the non singular 
fibres generated by monodromy are developed in the irreducible and reducible cases. 

5.1 The monodromy of isolated singularities on irreducible com- 
plex semisheaves 

Gl,r 

5.1.1 Complex semisheaves on complex algebraic semigroups 

As the Picard-Lefschetz theory is the complex analogue of Morse theory [Del3], [H-Z], our 
attention will be focused on singularities on the complex-valued differentiable functions 
^*'"(c) (-^sl) (I'csp. cofunctions 0*'"(c) (-Zg^) ) on the left (resp. right) complex linear algebraic 
semigroup G^'^^F^^) (resp. G*^"''(-Fjj) ), taking into account the inclusion G'^"'\F^ x F^) 
C*-"-* (F^jXF^) of the real bilinear algebraic semigroup G*^"^ (F^ x F^) into the corresponding 
complex equivalent G*^")(F^ x F^) according to section 1.9. 

These complex-valued differentiable functions ^''"(c) (%!,) (resp. cofunctions <p'^^}c){zgj^ ) 

are the sections 0^(c)(%j^) (resp. 0^(c)(^3j^) ),l<J<?^<oo,ofa left (resp. right) sem- 
isheaf (resp. ^^''^^j ) on the corresponding conjugacy class representatives g^L^\j-,rnj\ 

'^L '^R 

(resp. g^R\j-,'mj] ) of the complex hnear algebraic semigroup G^'^\Ff^) = Tn{F^^) (resp. 
GH(F^) = T*(F^)). 

5.1.2 Monodromy in expanding phase 

Remark that the singularisations and the vcrsal deformations, developed in chapter 2, were 
envisaged in a contracting phase in the sense that: 

1) the singularisation of a regular /-scheme is a contracting surjective morphism (see 
proposition 2.1.6). 

2) the versal deformation of a semisheaf can be described as a contracting fibre bundle 
according to propositions 2.2.5 and 2.2.6. 

And, the spreading-out, introduced as the blow-up of the versal deformation in section 
3.1, also occurs naturally in a contracting phase, but the projective map of the tangent 
bundle on the disconnected base semisheaves has to be viewed as an expanding morphism. . . 
of blow-up (see section 3.1.15). 
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The contracting phase of a manifold reflects the fact that its submanifolds become 
closer and closer with respect to a fixed measure. 

The monodromy, studied in this chapter, arises in an expanding phase as it will be 
justified in the following. 

This expanding phase, reflecting the expansion of the submanifolds of a given manifold 
with respect to a fixed measure, is assumed to generate locally contracting surjective 
morphisms of singularisations as introduced in section 2.1. 

5.1.3 Types of singularities 

• Let (^g^.^) (resp. (^^g^-^) ) be, as complex- valued differentiable function, a 
j-th section representative of the left (resp. right) semisheaf O^^fl^ (resp. O^^d^ ). 

• 0''"(c)(% ) (resp. 0*'"(c)(^s, ) )) submitted locally to contracting surjective mor- 
phism(s) of singularisation(s), can be: 

a) either a Morse function, i.e. a function having a non-degenerate singular point 
at zero where a local coordinate system (-^i, • • • , Zn) in (C", 0) exists for which: 

&) {zi,--- ,Zn) = E zf (resp. (i)%){zl, • • • , 4) = E {z*f ); 

Gj^ i=l G.^ i=i 

b) or a function having a degenerate singular point [Caml] , [Cam2] of type Aj^ , , 
Eg , £'7 or E's , as mentioned in section 2.19. In (C, 0) ^ (M^", 0) , a local real 
coordinate system (xi, • • • , X2n) can be found for which (case Ak ): 

0L(M) (^1l,. ) ■ ■ ■ ) ^2ni . ) = Xi'^ + S X^^ 
(resp. 4'i,{R){xiji , • ■ ■ ,X2nji ) ~ -^Ir. + ^ -^in. )' -^in ~ ~^iL ■ 

A small deformation (for example, of versal type) allows to split up a compound 

singular point generally into simpler ones. 

For instance, a small deformation of the function 

^L(K) {xIl. ) ■ ■ ■ ) X2nL ) — ^it- ^" ^ -^ii . 

Gj^ 3 J -^3 1=2 ] 

allows to transform it into: 
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this is a function having k singular points [H-Z], generally simpler than the original 
one. 



All the sections of the left (resp. right) semisheaf 6'^(„) (resp. 6'^(„) ), localized in some 
open ball, are assumed to be affected by the same kind of external perturbations, and, 
thus, by the same kind of singularities. 



Assume, on the other hand, that, instead of considering only the semisheaf O^'^rl) (resp. 
0^'^(l) ), we have this semisheaf O^'^^l^ (resp. O^'^^l^ ) covered by one or several semisheaves 

^R 

{^sot{i)l1^sot{2)l} (rssp. {(^soT{i)ii^ ^soT(2)ji^ ) '^^^ versal deformations and 

spreading-out isomorphisms as described precedingly and especially in section 4.1.5. 
Then, we can state the following lemma. 



5.1.4 Lemma 

The monodromy on the sections of the semisheaf 6^^)^^^ (resp. O^'^^^l^ ), covered partially by 

^R 

semisheaves generated by spreading-out isomorphisms, can not occur before the blow-up of 
these covering semisheaves. 

Proof. The monodromy arises only in an expanding phase, i.e. in a phase whose 
distance between objects increases. So, as the semisheaves {()sot{i)l^^sot{2)l} (I'esp. 
{^sot(i)r'^sot{2)b^ generated by blow-up of the versal deformations, cover only par- 
tially by patches the semisheaf 9 („) (resp. 9 ), the expanding phase gives rise to: 

'^L ^R 

a) a blow-up of the covering semisheaves {^50T(i)i ' ^soT(2)i I (^^sp. {9*sot{i)r > %ot{2)r) ) 
disconnecting them completely from 9 („) (resp. 9 („, ). 

G^i ^R 

b) contracting surjective morphisms of singularisations due to the strong perturbation 
of the expanding phase. 

c) monodromy groups on the sections 0*'~('c) (resp. 0**^(c\ ) of the semisheaf ^'■^^j (resp. 



O^r' 



qv^ > \ i G- ----- ----- - 



5.1.5 Monodromy for non degenerate singularities of corank 2n 

• Assume that each section (a;i^ ^2^^ ) (resp. ) {xij^ ,■''■> ^2nR ) ) of the 

^3L ' ' ^iR ' ' 

semisheaf (resp. ^|^]) ) is a Morse function, i.e. a function affected by an 
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isolated non degenerate singularity on a domain f/^^ (resp. Uj^ ) included into the 
conjugacy class representative gL^\j,iTij] (resp. g^j^\j,mj] ). Then, on the domain(s) 
C gL\j,mj] (resp. Uj^ C g^R^\j,mj] ), (p^^^J^iUjJ (resp. 0^(^)(^7j«) ) is described 
locally by: 





(resp. 




• The critical level set of 4>^'^^u)(Uj^) (resp. 
(resp. ) given by 


(C/j^) ) is the singular fibre F^^'^'^ 


Si «=i ^ 


(resp. 


'/'S)(^.J= =0). 


• The non-singular fibres " ^ (resp. " ) of 0^ (g\ (resp. (f)^ ) are diffeomor- 

phic to the space TSl"^~^ (resp. TS'^^'^ ) of the tangent bundle to a sphere S'^."^ 
(resp. 5"^""^ ) of real dimension (2n — 1) and radius — 1 (resp. vr^ — 1 )■ 


The non-singular fibres F[^" (resp. 


p(2n-l) X 


are thus diffeomorphic to: 




■ ■ , X2nLj ) 


1 + + = 


(resp. TSl--' = {{x,,^,- 


) ^2nR. ) 


kL, + • • • + ^Lh, ='^«J ) 


while the sphere 








• • , X2nLj ) 


^li,. + ■ ■ ■ + ^2ni. — 1} 


(resp. ^5-^ = {(xi,^.,- 




M<^. + --- + ^L,^. =1}) 


is diffeomorphic to the vanishing cycle 




• As the vanishing cycle A^^"""'^'' (resp. 


) 


is diffeomorphic to the unit sphere 



(S^" ^ (resp. ^ ), it must correspond to a function ^^(xp^.^) 

(resp. (f)p2~^\xp^^) ) on the left (resp. right) real conjugacy class representative 
p{2n-i)(^p+^ -J (-j-ggp p(2n-i)j-^+ -j -j ^j^g (resp. right) hnear parabohc sub- 

group P(2n-i)(p+) (j.ggp p(2n-i)(^p+) ) Indeed, according to [Piel], the bihnear 
parabolic affine subsemigroup P'^^"~^^(F_'^ x F^) can be considered as the unitary ir- 
reducible representation (space) of the algebraic bihnear semigroup GL2„_i(FJ" xF+) . 
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vanishing cycle (resp. A]^ 



5.1.6 Proposition 



• Let : [0, 1] A^^" (resp. : [0, 1] A^" ) be a closed loop on the 

(2n-i) , _ a(2'^-i) 



Ijr) ) "^"^^ tuple introduced in section 5.1.5. 

Then, the mapping 

Aj^ Aj^ I ^' 7jfl Aj^ Aj^ / 

of the non- singular fibre F^^" ^•^ (resp. F^^ ) into itself is the monodromy of the closed 
loop '-fjj^ (resp. '-fj^ ) realized by the conjugation action of the j-th conjugacy class repre- 
sentative of the restricted linear algebraic semigroup G'^^'"'^^\F^'^'^^) (resp. G^'^^'^^^Fj^'^^^) ) 
on the j-th conjugacy class representative of the linear parabolic subsemigroup p(2n-i)j^^+^ 

(resp. P^'^'^~^\FI^i) ) where F^^"^^ (resp. F^^^"^ ) is the j-th real completion restricted to the 
domain Uj^ (resp. Uj^ ). 

Proof. 

1) The monodromy h^.^ (resp. /i^^.^ ) is associated with an injective mapping 

(resp. W^^F,.^ . A^^. . F^.^ ) 

inflating the vanishing cycle A^J^"^"* (resp. A^""^-* ) into the non-singular fibre F^^~^^ 



i(2n-l) 

correspondence with the injective mapping 



(resp. F! " M. This injective mapping Ja, ^f^. (resp. ^p. ) is in one-to-one 



T . Q2n—1 rp(i2n—l 

I Q'2n-l_^rpQ'2n-l . Or > -I O T 

(resp. Ig2n-i^rpg2n-i s"^. > TS^. ^ ), 

i.e. the inverse of the projective mapping of the tangent bundle introduced in section 
5.1.5. 

(resp. ) then infiates the sphere (resp. -5^""^ ), 

Lj Lj Rj Rj 3 3 

diffeomorphic to the vanishing cycle A^^""^-* (resp. A^"~^^ ), into TS]^~^ (resp. 
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TS"^" ^ )) diffeomorphic to the non-singular fibre F^J^ (resp. F'^^^ ), in such a 
way that the following diagram: 



.(2n-l) 



2n-l) 



:i2n-l 



^(2n-l) 

^3L 



;>2n-l 



2n-l 



be commutative. 



2) This injective mapping 7a i^ .^FA. (resp. I^^ ^^f^. ) corresponds to the conjugation 
action of the j-thconjugacy class representative G'(^"~^^(Fv'^*^'^*''^'') (resp. G^'^'^~^''{F:^^^^^^) ) 
of G'^^""^)(F/^'^''*''*) (resp. G(^"~^)(F^'-"''''') ) on the j-th conjugacy class represen- 
tative p(2n-i)^^+^ (resp. p(2"-i)(i^j|^) ) of the hnear parabohc subsemigroup, as 

developed in [Piel], since the linear parabolic subsemigroup 

p(2„-l)(^+(res)^ (resp. 

p(2n-i)^pj+-(res)^ ^ Can be considered as the unitary irreducible representation space of 
GL2„_i(i^^(^^^)) (resp. GU^.,{F^'^''''^) ). 

3) The set of non-singular fibres F^^'^'^^t) (resp. Ff^^'^\t) ), t e [0,1] of 7^-^ (resp. 

), generates a sheaf J^^(2n-i) (resp. ^^(2n-i) ) on the etale sites above Uj^ (resp. 

U,, ) [Dell], [Del2]. 



5.1.7 Proposition 

The injective mapping 



being the inverse of the projective mapping of the tangent bundle TBj^ {^l^ t-^x- ■> 



^(2n-l) p(2n-l) 

Il\.-.F,. ) (resp. TBj^{A^ij-'\Fll-'\l^l^^^ ) ), is such that: 

(2n-l) / _ a(2"-1) 



1) the vanishing cycle (resp. A}^" ) is characterized by a rank r^(2n-i) = 

jy-2n-l 



2) the non- singular fibre F^, (resp. F^, ' ) is characterized by a rank rp(2n-i) < 

3L 3R A^ 

(j . Nf-^ . 
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3) the fibre Fi^ (resp. Fj^ ) of the tangent bungle TBj^^ (resp. TBj^ ) has 



a rank rpj verifying: 



3 ^3L 

^3 ^3L 



Proof. 

1) According to section 5.1.5, the vanishing cycle A^^"^"^-* (resp. A^""^-* ) is a function on 
the j-th conjugacy class representative of the parabolic subgroup P(^"~^)(F^t) (resp. 
p(2n-i)(^+) ) So we have that its rank is given by [Piel]: 

^3 

2) As F^,^ (resp. F^"-^^^ ) is a non-singular fibre above the j-th conjugacy class repre- 
sentative of the linear algebraic semigroup G^^\F^) (resp. G^"'\F^) ) characterized 
by a rank: 

and as (resp. ) results from an inflation mapping from the vanishing 

cycle A^^""^-* (resp. A^""^-* ) in such a way that the inflation of F^,^~^^ (resp. F^^,^~^^ ) 
from A^" (resp. A^" ) is proportional to the conjugacy action of the j-th 
conjugacy class representative g^L^lj^rrij] e G^'^\F^) (resp. g'^^lj^rrij] e G^"'\F^) ) 
with respect to the j-th conjugacy class representative of the parabolic subgroup 
p(2")(Ft) (resp. P^^")(F_t) ), we have that: 

^3 

since (j . N)"^^ is the rank of g^L^\j, ruj] (resp. g^^lj, ruj] ). ■ 



5.1.8 Definition: Monodromy operator [Berl], [Ber2], [Chm] 
If we have that 

h^* : H2n-i{^p(2n-i);Z) > if2n-i(-^^(2"-i); ^ ) 



(resp. h^* : H2n-i(^pC^n-i);Z) ^ if2n-i(^p(2n-i); Z) ), 

^3R 



the action /i^. (resp. h^* ) of h^^ (resp. h^. ) in the homology group iJ2n-i(^p(2'i-i); 

^ ^ ^3L 

(resp. H2n-i{^p(2n-i);'Z') ) of the sheaf J^p(2n-i) (resp. Tp{i-n-x) ) of non-singular fibres 

^3R ^3L ^3R 
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f{^" ^\t) (resp. F^^ ^\t) ), is the monodromy operator of the closed loop (resp. 



7.. ) [H-Z]. 
Indeed, 

by the homology class of the vanishing cycle A^^"^~^^ (resp. A^**"^-* ) [H-Z]. 



Indeed, the homology group i?2n-i (-^^(21-1) ; ^ ) (resp. H2n^i{J^pCin-i) ; Z ) ) is generated 



5.1.9 Definition: The surjective mapping 

The surjective mapping 

of the non-singular fibre(s) F^"" ^\t) (resp. F^"" ^\t) ) into the singular fibre F^"^" 
(resp. F^"" ) is the retraction of the monodromy. 

5.1.10 Monodromy for degenerate singularities 

If a degenerate singularity (for example of type (see section 5.1.3)) decomposes by 
deformation into k elementary non degenerate singular points, the single monodromy en- 
visaged in the case of a unique non degenerate singularity, becomes a monodromy group 
where the loop 7^^ (resp. 7^^ ) runs through the fundamental group YiiiVj^ — {u}i^},XQ^) 
(resp. liiiVjj^ — {oJij^}iXQj^) ) of the complementary of the set of critical values a;i^(resp. 
^in )) 1 ^ ^ ^ ^ ) where: 

• Vj^ (resp. Vjj^ ) is a compact domain in C included into C/j^ (resp. C/j^ ); 

• 7ji(0) = 7jjl) = (resp. 7j^(0) = 7^-^(1) = xq^ ). 

The complementary of the set of critical values in Vj^ (resp. ) is a loop beginning 
and ending at (resp. ) and passing round the critical values c<jj^ (resp. uji^^ ). 

The domain V^-^ (resp. V^-^ ) without the k critical values {oJi^ | i = 1, • • • , /c} (resp. 
{ujij^ I i = I,-- - ,k} ) of 0*^(R\(a;i^) (resp. (a;^^) ) is homotopically equivalent to 

a bunch of k circles. So, the fundamental group Ili(Vjj^ — {a;j^},Xo^) (resp. Ili(Vjj^ — 
{a;j^},xo^) ) is a free group at k generators. 

If {vi^ I i — I,-- - ,k} (resp. {vij^ | i = 1, • • • , /c} ) is a set of paths defining a 
set of vanishing cycles A^^**"^^ e H2n-i{T „(2^-i)) (resp. A|^""^^ e if2n-i(^p(2n-i)) ), 

1 < i < k , then the fundamental group IIi(T^-^ — {iOij^}, xqj^) (resp. ni(T/^-^ — {(^i^}, xq^) ) 
is generated by the simple loops 71 . , • • • , 7^, (resp. 71 . , • • • , 7fc, ) associated with the 
paths vx^,--- , Vfc^ (resp. Vi^, • • • , ). 
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The monodromy group of (E)(f^ji,) (resp. (j) (" )(f/jfl) ) is the image of the homo- 
morphism of the fundamental group Ili{Vj^ — {cjj^j.Xo^) (resp. ni(V^-^ — {u}i^},Xoj^) ) 
into the group Aut(i72n-i(-^p(2n-i))) (resp. Aut(i?2n-i(-^p(2n-i))) ) of automorphisms of 

^JL ^3R 



-f^2n-i(^p(2n-i)) (resp. i?2n-i(.^p(2n-i)) ) which associate with the loop 7i. (resp. 7i. ) 

^3R 

the monodromy operator: 



hj* : H2n-l{^p(2n-i);Z) > if2n-l(-^F(2n-i);Z) 

(resp. h^* : if2n-i(-^p(2n-i);Z) > if2n-i(-^p(2n-i); ), 

^3R ^3R 



where ^„(2n-i) (resp. T^i^in-V) ) is the i-th sheaf of non-singular fibres ^^(i) (resp. 

Ff:-'\t) ). 



3L 3R 



As developed in [Piel] and in proposition 5.1.6, 

Aut(i/2n-l(^^(2n-i))) = Aut(Alf -^^) Aut(P(2n-l)(^+)) 

(resp. Aut(i/2n-i(-F^(2n-i,)) = Aut(A£"-^)) ^ Aut(p(^"-i)(F+)) ) 

^3R 

where Aut(P(2"-i)(p+)) (resp. Aut(P(2"-i)(P+)) ) is the group of Galois automorphisms 
of the linear parabolic subsemigroup p(2'^~i)(p^) (resp. p(2"~i)(p_+) ) on the j-th irre- 
ducible completion P^ (resp. P_i ) of rank A'" . 

5.1.11 Monodromy for a set of non degenerate singularities 

The monodromy, envisaged in section 5.1.9 for a degenerate singularity splitting up into 
elementary non degenerate singularities, is also valid for a set of critical points a;^^ (resp. 
^in ), 1 < i < ^ , of 4>^'^^}){ijJij^) (resp. (a;^^) ) which are not degenerated and such 

^3L ^jR 

that their critical values cui^ (resp. cuij^ ) are distinct. 
Then, we can state the following proposition. 

5.1.12 Proposition 

Assume that every section 4>^'^^R){Ujj^) (resp. 4>^'^'(J){Uj^) ) of the semisheaf 6^*(l„^ (resp. 

^jR 

/TO \ 

^ (2n) 1 < J < < oo , zs endowed with a set of k non degenerate singularities uji^ (resp. 

'^R 

^in ), 1 <i <k , on the domain Uj^^ (resp. t/j^ ). 
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Aj-^" 7ij^) j &e ^/le i-t/i 5-tuple associated with the i-th singularity on the j-th section of 

^^2n) (resp. 0^^(l„) ), as introduced in proposition 5.1.6. 
Then, the i mappings: 

■■ — ' • ^<i<k. 

(resp. K,^: F,'f"-'> . F,'f"-» ) 

of the non- singular fibres F^^^ (resp. f/^" j mto themselves, associated with the "i " 

^ih ^iR 

non degenerate singularities cui^ (resp. ): 

1) are the monodromies of the closed loops ji.^ (resp. 7^^^ ); 

2) generate the sheaves T p{2n-i) (resp. Tp{2n-\) ) of non singular fibres F^~^^ (t) (resp. 



i(2n-l) 



(i) j on the etale sites Uj^ (resp. Uj^^ ); 



3) are associated with the injective mappings: 



^Ai^ -^F,^ ■ ^i^. > ^i^. yt) 



(resp. /a.^.^^,^ : A . F^-^'{t) ) 

"j ^JiJ 3 ^3R 



inflating the vanishing cycles Af " (resp. A-^" ) into the non-singular fibres 

^3 3 

^u"~^\t) (resp. Fj^'^"'~^\t) ) and being in one-to-one correspondence with the corre- 

3L ^3R 

sponding injective mappings: 



T . Q2n—1 rp rt2n— 1 

(resp. Is..-.^^s^n-. : S^^-' . T^J"^ ); 



4 ) result from the monodromy operators: 



h-y* : H2n-l{^p(2n-l)) > i?2n-l(-^p(2n-l)) 

*A ■ 'A • 

3L 3L 



{resp.hj* : H2n-i{^p{2n-i)) )• i?2n-i(-^p(2n-i)) ) 

3R i\ i\ . 

^3R ^3R 

on the vanishing cycles i?2n-i(^p(2n-i)) = A^^"^ (resp. i?2n-i(^p(2n-i)) = A^-^"' ). 



^3L ^3R 
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5.1.13 Monodromy sheaves above 0^ (2„) (resp. (2„) ) 

L jR, 

Let ^'^'^an) ® (^^^(In) be the bisemisheaf on the bihnear afhne semigroup G'^^")(F^ x F+) . 

If every section of (f^i^r,) (resp. ^'■'^2„) ) is endowed with k isolated non degenerate 
singularities, then the set of bisheaves {T ® (2n-i)}*Li of non singular bifibres 

F^^'^~^\t) (8) are generated by monodromy above every bisection 4>^^?^){Uj„) 

Let T (resp. Tp{2n-\) ) be the sheaf of non-singular fibres of the monodromy of 

the closed loop 7^ (resp. 7^ . ) associated with the i-th singularity on the j-th section of 
B% (resp. e%). 

^R 

Consider that there are bi , bi E IN , non-singular fibres in the sheaf ^ (2n-i) (resp. 

Tp{1-n.-V) ). 

^3R 

As it was assumed that all the sections of ^^'''^2„) (resp. (f^^^-a) ) ^-re endowed with the same 

Gh 

kind of k isolated non degenerate singularities, 6j sheaves J^ (2n-i) {(3i) (resp. (2n-i){(3i) ), 

'^R 

^ < Pi < bi , whose sections are the non-singular fibres above the sections of 9^*(l„) (resp. 

Gl 



6^'^(l„) ), can be envisaged as generated by monodromy from the i-th singularities on all the 

Gr 



sections of (resp. 9^ ' ). 



So, above the i-th singularity on all the sections of ^ (2„) (resp. (L) )■> a set 



{^p(2n-i)((3i)}^f^.^i (resp. {^^(2n-i)(A)}^_j ) of bi monodromy sheaves are generated and. 



above the set of i singularities on all the sections of ^|^2n) (resp. ^^|^2n) ), a set of i x 6j 
monodromy sheaves can be constructed above ^^'^'^2„) (resp. ^'''^2„) ). 

Let Tp(2n-i){(5i) (resp. J-p(2n-i){(3i) ) be the /9j-th monodromy sheaf, generated from 

the i-th singularity on all the sections of ^^'^in) (resp. ^^'^in) )■ 

The sections of J^^(2n-i)(/3j) (resp. !Fp(2n-i){/3i) ) are in one-to-one correspondence with 

'^L '^R 

the conjugacy class representatives of G^^"'\f^) (resp. Gf^\F^) ): they are thus labelled 
by the pairs of integers {j,mj) , 1 < j < r < 00 , and their ranks verify: 



r^.(2n-i) < (j . Nf^-^ 
*\ . 



according to proposition 5.1.7, F^^"^ e J^p(2n-i)(A) (resp. f/^^" e ^p(2n-i)(A) ) 

being the j-th section. 
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5.1.14 Proposition 

Let ^^2n) X ^^2n) tkc biseTTiisheaf ou G^'^^\F^ x F+) suc/i ^/la^ its linear sections are 
endowed with k isolated non-degenerate singularities of the same type. 

Let {:F^{2„-i) (A) :F^(2„-i)(/3i)}i,/3.; 1 < i < k , 1 < Pi < bi , be the set of k X bi 

monodromy hi (semi) sheaves above 6'*^'^2n) ® (^^^(In) according to section 5.1.13. 

Then, it results that: 

1) a global holomorphic representation Irr hol'-^'^'' (6*^2^) ^^^^{In) ) '^f the bisemisheaf O^^^^n) ® 
^^^(In) given by the morphism:: 

Irr hol(;."J : O^^l, ® O'^^l, . f^{z*) ® f,{z) 

where fv{z*)®f.u{z) is the holomorphic hifunction getting by gluing together and adding 
the bisections of the desingularized bisemisheaf 6*^27.) ® ^^2n) • 

2) k X bi global holomorphic representations 



Irr holj^" - ^, : ^^(2n-i) (A) ® ^p(2n-i) (A) > fv^o. ^ M , 

y l<i<k , l<l3i<bi 
of the monodromy bisemisheaves .Fp(2n-i) (A) ® ^p(2n-i)(/3i) can &e stated 

'^R '^L 

where fv^^ni^p.) ® fv^oS^Pi) ^■^ {i,Pi)-th holomorphic bifunction obtained by gluing 
and adding the sections 0/ jFp{2n-i) (A) ® jFp(2n-i) (A) . 

*^R '^L 

Proof. 

1) If the bisemisheaf ^|^2n) ® ^^2™) is desingularized, then a 2n-dimensional irreducible 
global holomorphic representation can be envisaged for it, as it was done in section 
4.2.3, in the sense that a multiple power series development fv{z*) ® fv{z) can be 
associated to it where 

fv{^) = E Cj^m.{Zi — ZqiY ■ ■ ■ {Z2n — ZQ2n)'' 

(resp. f^{z*) = E c* .(z* - z^^y ■ ■ ■ {z^^ - z^^nY ) 

with: 

• zi, zon, • • • , Z2n, zo2n ^rc complcx functions of one real variable; 
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• Cj^mj is in one-to-one correspondence with the product of the square roots of the 
eigenvalues of the (j, mj)-th coset representative Uj^raj^ X ^i,mj^ of the product 
of Hecke operators; 

• the sum E runs over the conjugacy class representatives of G^"'' (resp. G^"^ ) 
which are glued together. 

2) Assume that the sections f/^" ^\Pi) (resp. F^*'^"' ^\Pi) ) of the monodromy sheaf 
J^p(2n-i){Pi) (resp. Tp{2n-i){(5i) ) have ranks given by r^(2n-i) = (j . A^)^"^"^ according 
to section 5.1.13. 

If these sections, which are complex-valued differentiable functions, are glued to- 
gether, a holomorphic function (resp. cofunction) given by the multiple power series 
development: 

j,Tnj * 

(resp. /u^on(^ft) = ^'*i^,,rnj^, i^lp^ - ^ll^y ■ ■ ■ i4n-l)0^ - 4{2n-l)0^y ) 

can be associated with them (see, for instance, section 4.2.4). And, a global holo- 



morphic representation Irr hol^"'^^^|^^^ of the monodromy bisemisheaf ^^(2n-i) (/3i) 

^RxL 

T (Pi) , as given in this proposition, can be envisaged. 



5.1.15 Monodromy n-dimensional representations of global Weil groups 

As the monodromy bisemisheaves ^^(2n-i) (/9i) ® J^p,(2n-i){fii) are of algebraic type and are 

defined above the algebraic bilinear semigroup G'(")(F^ X F+) , (2n- l)-dimensional irre- 
ducible real representations Irr Rep^^mon'' {Wp+ {f3i) x Wp^ {Pi}) of the bilinear global 

^RX L -Rmon -^^mon 

Weil groups {Wp+ (Pi) x Wp+ (/3j)) can be introduced for them, similarly as it was 

Ruion ^mon 

done in section 4.2.5. 

And, as it was developed in section 4.1.1, the desingularized bisemisheaf ^'~*2n)®^*~*2n) on 

'^R 

the algebraic bilinear semigroup G*^^"^(F^ x F+) constitutes a 2n-dimensional irreducible 
representation IrrRep^J"^^ {Wf+ x Wf+) of the product, right by left, Wf+ x W'p+ of 

^RxL R L R L 

global Weil groups. 
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5.1.16 Proposition 

Let {J-'„(2n-i){Pi)<S>y-'p(.2n-i){Pi)}i j3i , 1 < 1 < k , 1 < Pi < ti , bc the set ofkxfii monodromy 

bisemisheaves above the desingularized bisemisheaf ^|^2n) ® ^[^2") ' 
Then, the following global holomorphic correspondences are: 

a) IrrRepif)^ {W^i x W;^) . lTvho\^'"\e%, ^ O^^l,) 



Gr 



(2n) 



for the desingularized bisemisheaf 9^^fl„^ (8) 9^^(l„) ; 



for the monodromy bisemisheaves. 
5.1.17 Toroidal compact ificat ion of ^(^"^(F^ X F+) 

As in section 4.2.7, a toroidal compactification of the bilinear algebraic semigroup G*^^"^ (F^ x 
can be envisaged in such a way that its hnear conjugacy class representatives g^^"^ [j, mj] 
(resp. gR"^\j,tTT'j] ) be transformed into 2n-dimensional real semitori gT^\jiTnj\ (resp. 

Let 

ntorr- _ 1 . ^(2n)r- _ i ^(2n)r 



(resp. T^'\j,mj\: g^R^'^lj^rUj] > g?^^\j,rnj\ 

4-. 4 ^ A^(2n,i,m,-) e-^-^'^ ) 

be the toroidal deformation of g'f^^\j, rrij] (resp. g'^^^'lj, rrij] ) transforming G^^^\F^ x F+) 
into its toroidal equivalent G(2n)^^+,T ^ . 
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5.1.18 Proposition 

Let 

,(2n-l) . ^(R) ^n(K) 



Irr hol ■■ (^mL, ® 0';,L, . Mz*) ® Uz) 





be the global holomorphic representation of the bisemisheaf 0^(1^) ® ^q(L) on G^^") [F^ x 
F+) . 

Then, the toroidal compactification T*°''(Irr IioI^^r] ) of the global holomorphic represen- 







tation of the bisemisheaf 0^(1^^ <S> d]^(L) generates the corresponding elliptic representation 
according to: 



Irr holSJ : 9% ® 9% . f^{z*) f,{z) 



r*-(Irrhol(^^) ) 



IrrELLIPj; : 9%®9%, . ELLIPR,i(2n,j,m,) 



where 



ELLIPRxL(2n,j,m,) = ELLIPR(2n, j, m,) ®^d) ELLIPi(2n,i, m,) , 



CM. ^ CM. ) 

being the global elliptic representation of the bisemisheaf 9 (2„) ® 9 (2„) , is the product, 
right by left, of 2n- dimensional real global elliptic semimodules given by: 

ELLIPz,(2n,i,m,) = A^(2n,i,m,) e''^^^'^ , x e (F+)'^ , 
and ELLIP R{2n,j,mj) = © X^2n,j,mj) e-^'^*^'^. 



Proof. This proposition is an adaptation of proposition 4.2.8. 



5.1.19 Proposition 

1) A cuspidal representation, given by the elliptic representation ELLIP_fjxL(2n, J, m^) , 



corresponds to the desingularized bisemisheaf 6*^2^) ® ^|^2n) • 



103 



2) On the monodromy bisemisheaves {^^(2n-i) ^^(2n-i) , 1 < i < k , 

i ^ Pi ^ bi , above 6^^2^. (8) 6^^2^^ , no cuspidal representation of the elliptic type 



can be found, except if surgeries are performed. 



Proof. According to section 5.1.5, the non-singular fibres (or sections) F- 

p(2n-l) 



(2n-l) 



(resp. 

) of the monodromy sheaf jFp(2n-i) (resp. Tp{iv.-\) (/3i) ) are diffeomorphic to 

the spheres (resp. y go^ no elliptic representation can be found for 

the monodromy sheaf T (resp. ^^(2n-i) (/3i) ) since TSf;^-"-^ (resp. T^g""') ) 

cannot be transformed bijectively into a (2n — 1) -dimensional real semitorus (being able to 
constitute an equivalence class representative of a global elliptic representation according 
to proposition 5.1.18). ■ 



5.1.20 Proposition 

On the desingularized bisemisheaf ^|^2n) ^ ^^2n) <^^^ '^ts monodromy bisemisheaves 



Langlands: 



the only irreducible global correspondences of 



IrrRepi?,"^ (Wf+xW. 



ab 



IrrELLIP(^5i) 



e 



G 



(2n) 



G 



(2n) 



ELLIPsxL(2n,j,m,) 



exists. 



Proof. 

1) The above mentioned Langlands correspondence results from the toroidal compact- 



ification of the irreducible holomorphic correspondence Irr hol*^^"-* (^^(2„) ® 9 



G 



(2n), 



introduced in proposition 5.1.16: 
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ELLIP^xL(2n,j,m,) 

2) According to proposition 5.1.19, no Langlands correspondence exists for the mon- 
odromy bisemisheaves because no bijection can be found between the non-singular 
fibres, diffeomorphic to TS'^'^~^ , and (2n — 1) -dimensional real semitori. ■ 

5.2 The monodromy of isolated singularities on reducible com- 
plex bisemisheaves 

5.2.1 Singular reducible bisemisheaves 

In chapter 4 of [Piel], the possible reducibihties of the representation Rep(GL2„(-Fni x Ft^)) 
of the bilinear algebraic semigroup GL2n(-f'a7 x -^u;) were introduced. They are of three 
types: 

a) partially reducible if: 

Rep(GL2„ =2niH \-2n3 

(F^xFj) = ^ ffl^ Rep(GL2„,(F^xFj) 

for any partition 2n = 2ni + ■ ■ ■ + 2n£ + • ■ ■ + 2ns of 2n ; 

b) orthogonally completely reducible if: 

Rep(GL2„=2i+...+2„(i^^ X F^)) = ffl^Rep(GL2,(F^ x F^)) 

c) non orthogonally completely reducible if: 

2n 

Rep(GL2„,,,(F^ X Fj) = ffl Rep(GL2,^ (F^ x Fj) 
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The analytic representation spaces over these reducible bilinear algebraic semigroups 
are respectively the following bisemisheaves of differentiable bifunctions: 

a) the partially reducible bisemisheaf 6^j^ ^ over the bilinear alge- 
braic semigroup GL2„=2ni+-+2n^+-+2n.(-^£zr x F^) ; 

b) the orthogonal completely reducible bisemisheaf rir ^j? \ over the bilinear 

° f J t.L2n=2i + --+2„(-Fb-X-Fw) 

algebraic semigroup GL2n=2i+-+2e+-+2r{Foj x F^) ; 

c) the non orthogonal completely reducible bisemisheaf Oqi^^^ (f-xf^) bilinear 
algebraic semigroup GL2„^x^(Ftxr x F^^) . 

Being concerned by the monodromy group action on these ( "singular" ) bisemisheaves, 
the only relevant reducible bisemisheaf is the orthogonal completely reducible bisemisheaf. 
Indeed, the monodromy group action on the partially reducible bisemisheaf decomposing 
into: 

^(C) ^ g ^(C) 

GL2n=2niH h2ns {-P— X -FL ) ni=ni Gh2ni {F—X Fuj) 

can amount to the general irreducible case treated in section 5.1 for ne > 2 , ni < rig < Us ■ 
On the other hand, as the non orthogonal completely reducible bisemisheaves 

2t,„ 2fi^ Ry. L 



on the off-diagonal algebraic linear semigroups Ti {Fjj) and T| (F^^) are generated from 
the orthogonal ones 6^t^ (F^j) (g) 6^t^ (F^) , their monodromy group actions are not really 
pertinent. 

So, the only relevant reducible bisemisheaf from the monodromy point of view is the 
orthogonal completely reducible bisemisheaf 

CL2,.....2„(^- X = S/SZ^F^ X F.) 

whose irreducible elements 9qj^^^(F^jX F^)) , 1 < £ < n , being able to generate monodromy 
groups, will be studied in this section. 

5.2.2 Critical level sets of the bisemisheaf ^GL2(FiyxFa,) 
Let 

n(C) ^ ^(C) , JC) JC) ^ 

^GL2(F-xF„) — ^GL2{F-) ^ ^GLiiF^) V " T*(F-^) ^ ^T2(F^) ! 

be a bisemisheaf of complex- valued differentiable bifunctions [c) i^gjn) ® (c) > 

i ^ j ^ f < oo , over the conjugacy class representatives ffijxiO) "^j] of the complex 
algebraic bilinear semigroup G'^'^^F^ x F^) . 
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Assume that, on a domain UjJ x UjJ C S'i^xib, '^j] , each bifunction (j)^lc) i^gjn) 

(2) 

c 



^q(c) i^gji) locally a Morse bifunction described by 



At Zj^ — — , the bifunction 0^^(c) (Uj'^J) ® 0*^^{c) (^j^^) li^s a non-degenerate 
singularity. 

The critical level set of (p^'^l^ {uf^) ® 4>^\) {uf'') is the singular fibre F^y^ x F^y^ given 
it consists in two complex hues intersecting at [H-Z]. 



5.2.3 Proposition 

Let 



^0^^^0^=4 + 4=0' l<i<r<oo, 



he the singular bifibre of the j-th bisection (p^^lc) i^j'^) ® ^^(c) i^ji!) bisemisheaf 



Then, we have that: 

uct, right by left, T^, (t) x T^. (t) of two semitori 

2) the homology group Hi{fI^^ ; Z ) ~ Z (resp. ; Z ) ~ Z ) of the semitorus 



1) the corresponding non singular bifibres F^^^ (t) x F^/ (t) are diffeomorphic to the prod- 



(resp. ) is generated by the upper (resp. lower) semicircle A^^^ (resp. A^^ ) on 
(resp. T^, ) in such a way that when its radius tends to the unity, the semicircle 



shrinks to the singularity and is then called the vanishing semicycle characterized by 
a rank r^(i) = N . 

3) The covanishing semicycle V^^j (resp. V^^^ ) is a line on T'^. (resp. T^. ) perpen- 
dicular to the vanishing semicycle A^^j (resp. A^^^ ) and is characterized by a rank 
r (1) Rij.N. 
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Proof. 



1) The j-th critical level sets are the non-singular bifibres F^/ (t) x Fj^/ (t) described by 



the equations: 

they are diffeomorphic to the cylinder 5"^ x IR ^ . 

Indeed, the Riemann surface of the function Zj^lt) — Aj(t) — z^^ is formed from two 
copies of the complex z^-^ -plane glued together along the cut {—Xj{t),+Xj{t)) [H-Z]. 
Each copy of the cut plane is homeomorphic to half a cylinder (and a 2-dimensional 
semitorus). The line of the cut is a circle on the cylinder encircling the critical value 
and given by the equation: 

Xjit) = rx,it) e'"'^* , < t < 1 . 

As t increases, both branch points Zj-^ = ±^/Xj(t) = (±iyrA~(t)~e^^) move around 
Zj^ = in the positive direction. As t varies from to 1 , each of these points performs 
a revolution and changes place with the other. 

Thus, as Xj{t) encircles the singularity, a corresponding series of pairs {T^.^ (^)' -^a^^ (^)}' 
of two-dimensional semitori are generated. 

2) The circle on the cylinder encircling the critical value is the vanishing cycle given by 
the equation: 

i.e. when the radius ?"Aj(t) — 1 • 

Indeed, in this case, the left (resp. right) vanishing semicycle A^^^^ (resp. A^j ), given 
by the equation: 

Xj{t) ~ e^^J* , 

restricted to the upper (resp. lower) half plane, corresponds to a function ^p"* (xp. ) 
(resp. (j)p^ {xp. ) ) on the left (resp. right) conjugacy class representative P^'^\F\ ) 
(resp. P^^\F+ ) ) of the hnear parabolic subgroup P^'^\F+) (resp. P^^\F+) ) 
according to section 5.1.5. 

And, thus, the rank of A^^i* and of A^^ is given by r . (i) = . 

3) As the covanishing semicycle V^^^^ (resp. V^^^ ) is a semicircle on T|^, (resp. T^^ ) 
perpendicular to A^^^, (resp. A^^^ ), it will be assumed to have a rank '"V jij — j • N 
since it is defined on the j-th conjugacy class representative of the linear algebraic 
semigroup G(^)(Ft^) (resp. G^'^^F-nj) ) (see, for example, proposition 3.2.2. to illustrate 
this point). ■ 
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5.2.4 Proposition 

Let (^(^Je) {Ui'j)®<f>% (C/j?), X F^l , F« (t) x F« (i), x Ag) &e ^/.e 4-th bztuple 

introduced in proposition 5.2.3. 
Then the mapping 



0,4 



of the non singular bifibre into itself is the monodromy of the product, right by left, A^^^ x 
o/ the vanishing semicycles realized by the conjugacy action of the j-th conjugacy 
class representative of the bilinear algebraic semigroup G^^\F^ x F^) on the corresponding 
conjugacy class representative of the bilinear parabolic subsemigroup P^'^\F-^i x F^i) . 

Proof. 

1) This proposition is a particular case of the one which was treated in proposition 5.1.6 
in the sense that the monodromy h^^^^ is associated with the injective mapping: 

inflating the left (resp. right) vanishing semicycle A^^^^ (resp. A^^^ ), characterized 
by a rank r . (i) = N , into the left (resp. right) non singular flbre F^^^ (t) (resp. 

j 3L 

(t) ), characterized by a rank r^{i) = rrij {j . N) where rrij is the number of ID- 

fibres perpendicular to A^^_^^* (resp. A^j ) into F^^ (t) (resp. F^^ (t) ) diffeomorphic 
to the 2i:'-semitorus T^.^{t) (resp. Tf.^(t) )• 

2) The inflation action of on A^^ x A^^^ corresponds to the conjugation 

of the j-th conjugacy class representative of G^'^\F^ x F+) on the corresponding 
conjugacy class representative of P^'^^F^^ x F^) . ■ 



5.2.5 Number of non singular bifibres 

Assume that each bisection 0^^(c) (Uj'^J) ® 0^^(c) i^j'^) of ^gl2{f-xFu,) endowed with the 
same singular biflbre Fi^^ x Fi^^ = zf, + = . 

° "JR "3L •'1 -'2 

The number of non singular biflbres (F^^-* (t) x F^^^ (t)) , corresponding to 
depends on the expanding phase responsible for the monodromy h^^^^^ (see section 5.1.2). 
Indeed, it corresponds to this expanding phase the inverse mapping 

iRxL iRxL 
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of the retraction of the monodromy (see section 5.1.9): 

Let /? be the number of non singular bifibres {F^^^ {t) x F^^^ {t)) above each bisection of 

niC) 

5.2.6 Proposition 

// each bisection of the bisemisheaf ^ql^Cf-xf ) ^'^ endowed with the same singular bifibre 
Fq^^ X Fq^^-* = ~^ ~ ^ ' then a set of (3 bisemisheaves {^GLi7F-xF^)(^)}6=i ' isomorphic 
to the desingularized bisemisheaf 9)-,^^^p_^p^~^ , can be generated by monodromy if j3 is the 



number of non singular bifibres above each bisection of ^gl2(f-xf 



Proof. As there are (5 identical non singular bifibres {f'x^ (b) x F^^^ (^')}6=i (assuming the 
one-to-one correspondence t <-> 6 ) above each bisection of ^GLi(F-xFa,) ' bisemisheaves 
^GL^^xFu,)(^) ) 1 — ^ — /5 ) can be built from these nonsingular bifibres in such a way 
that the sections of ^GLi7F-xFu,)(^) one-to-one correspondence with the sections of 

^GL2(F-xFu,) ■ Furthermore, the sections of 0g]^^(^f-xFu,) ' corresponding sections 

of the monodromy bisemisheaves ^GLi7F-xF„)(^) isomorphic according to proposition 
5.2.4. 

So, the monodromy bisemisheaves ^gl17f-xf<^)(^) > 1 ^ ^ ^ ? isomorphic to (or 
"copies of") the original desingularized bisemisheaf ^qj^^i^f-xFo,) ■ ■ 

5.2.7 Proposition 

Let ^GL2(F-x_F ) ^ complex bisemisheaf, whose bisections are endowed with the same sin- 
gular bifibres F^^ x F^^ = ^ +4 = , V j , 1 < j < r < oo , an^i let {e^^l^^^p^^{b)]t, 
be the set of (3 monodromy bisemisheaves. 
Then, it results that: 

1) a global holomorphic representation: 

Irrhol^;!) : ^Mf^xF.) > fuj{z*J ® f^{z^) 

corresponds to the desingularized ground bisemisheaf 9 Q^^^p_^p^^ ; 
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2) (3 global holomorphic representations: 

can be associated with the monodromy bisemisheaves ^GLi7^^-xFi^)(^) • 
Proof. 

1) If ^(^2(-F_xF ) desingularized and if its left (rcsp. right) linear sections are glued 
together, a global holomorphic representation can be given to it by the holomorphic 
bifunction fw{z^) ® fw{zm) where: 

(resp. f^{z*J = E c* {z*^- z*moy ) 

with: 

• Zm, (resp. 2;^, z^^ ) complex (resp. conjugate complex) variables; 

• Cj^m. (resp. c* j^. ) coefficients (see proposition 5.1.14). 

2) (3 global holomorphic representations of monodromy type are given by the holomor- 
phic bifunctions fujiz'^^® f^{z^m) , 1 < 6 < /9 , in such a way that they are equivalent 
to the ground holomorphic bifunction foj{z^) ® fuj{zm) taking into account the propo- 
sition 5.2.6. ■ 

5.2.8 Proposition 

Let {^GLi7^-xFa,)(^)}6=i monodromy bisemisheaves above the desingularized ground 

bisemisheaf e^Q^^^p^^p^^ . 

Then, the global holomorphic correspondences are the following: 

a) IrrRep«^^jW^^x^«^) . Irrhol«(^ff,)(^^,^^)) 



where IrrRep[^^ (Wf'ji ^ W^f^) is the irreducible complex representation of the bi- 
linear global Weil group {W^^ x W^^) given by the ground bisemisheaf 9qj^^^p_^p^^ . 



Ill 



l<b<P , 

for the (3 monodromy bisemisheaves ^gl2(f-><-Fu;)^^'' ' 

Proof. This proposition is an adaptation of proposition 5.1.16 to the products, right by 
left, of ID-complex (semi)sheaves. ■ 

5.2.9 Toroidal compactification 

The ground bisemisheaf ^cal(F-xFa,) monodromy bisemisheaves ^gl2T^°xf„)(^) 

defined over the bilinear algebraic semigroup GL2(FjjXF^) . So, a toroidal compactification 
of the linear conjugacy class representatives QL^jiiT^j] of GL2(F^) (resp. g^^jjiTij] of 
GL2(Fjj) ) can be realized by the mappings: 



m 



(resp. Tc'\j,mj] : gR^\j,mj] , ^Tfl[j,m 

r* z*^ 



4m, 4 > A^(2, j,m,) ) V 1 < j < r < oo , 



where gTl[j,mj] — X^{2,j,mj) e^'^'^^"^ (resp. ^^[j, m^] = X^{2,j,mj) e ^^nj^m ^ jg a two- 
dimensional real semitorus localized in the upper (resp. lower) half space. 

5.2.10 Proposition 

1) A cuspidal representation, given right by the productElSfixii^, j^nT-j) = E1S/?(1, j, mj)x 
E1Sr(1, j,mj) , of the (truncated) Fourier development of a normalized right cusp 
form by its left equivalent, can be associated with the desingularized ground bisem- 
isheaf O^-T^^^p^^^^^ . 

2) Similarly, a cuspidal representation given by E1S^°']^(1, j, mj) corresponds to each 
monodromy bisemisheaf 6 ^j^^^^p^^ on the bilinear algebraic semigroup GL2{FuX F^^) 
compactified toroidally. 
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Proof. 



1) The toroidal compactification {Irj:hoY-^\6Qj^^f^p_^p^^)) of the global holomorphic 
representation of the ground bisemisheaf ^GLl(F-xFa.) g^^isrates the corresponding cus- 



pidal representation Irrcusp^lL according to: 



9(c) 

°^GL2 



RXL 



Irrhol^i) : ^Su(f^xF^) > M^*J ® M^m) 



GL2{FjjxFu,) 



Irrcusp^lJ) : O^^^^^^^^j^t) ^ EISijxL(l, J, m^- 



,(1) . fl(C) 

where: 



EISi^xL(l, J, ""^j) = E1S/^(1, j, TTij) X(£)) EISr{1, j,mj) , being the global cuspidal 
representation of the ground bisemisheaf ^qljCf'^xf'?') product, right by left, 

of the (truncated) Fourier development of the cusp forms [Piel] : 

ElSai,j,m,) = © A^(l,j,m,) e^^^^'^- , 



EIS«(l,j,m,-) = © xHl,j,mj) e'^-'^'- , 



with A5(l, J, mj) being the square root of the product of the eigenvalues of the 
coset representative C^^.m^^ x Uj^mj^ of the product, right by left, of Hecke opera- 
tors; 

• GL2{F^ X FJ) is the bilinear algebraic semigroup whose conjugacy class repre- 
sentatives S'T^b, X gxl[j-,iTT'j] have undergone a toroidal compactification. 

2) Each monodromy bisemisheaf ^glj^fTx^t) ? having been compactified toroidally, gives 
rise to a similar cuspidal representation Irr cusp^^^(^^^J|^°T^^j,p = ElSnxhi^, j,mj) 
since the monodromy bisemisheaves are isomorphic to (or copies of) the ground bisem- 
isheaf according to proposition 5.2.6. ■ 



5.2.11 Proposition 

On the desingularized ground bisemisheaf ^gl2(f-xf ) '^'^'^ ^'^■^ monodromy bisemisheaves 
i^GL^F^xF^)i^)}b=i > have the following irreducible Langlands global correspondences: 
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^glI(f^xf„) ' EISRxL(l,J,m,) 

C5SxF.)(&) > EISrx'L(l,i,m,), 

Proof. These Langlands global correspondences result from the preceding sections sum- 
marized in the two following diagrams: 
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